
 2551 

 
 
 
 

 
 
 
 

 
 



 2551

 
 
 
 

 
 
 
 

 
 



SERIES  OF  REAL  NUMBERS

By

Angkana   Sritachanupong 

An Independent Study  Submitted in Partial Fulfillment of the Requirements for the Degree 

MASTER OF SCIENCE 

Department of Mathematics 

Graduate School 

SILPAKORN UNIVERSITY 

2008

 
 
 
 

 
 
 
 

 
 



   “ 

 ”

……...........................................................

                                                                                    ( . )

.......... .................... . ...........

....................................................

 ( . )

............/......................../..............

....................................................

 ( . )

............/......................../..............

....................................................

 ( )

............/......................../..............

 
 
 
 

 
 
 
 

 
 



___________________________________________________

  2551 

..............................................................................................................................

.......................................................................................

48308308  :

  :   /   /

         : .   :

.  90 .

       

-

 
 
 
 

 
 
 
 

 
 



__________________________________________________________________________ 
Department  of  Mathematics      Graduate  School, Silpakorn  University    Academic  Ycar  2008 
Student’s  signature............................................................................................................................. .................. .................. .................. ...............

An  Independent  Study  Advisor’s  signature.............................................................................................. .................. ..................  

48308308  :  MAJOR  :  MATHEMATICS  AND  INFORMATION  TECHNOLOGY 
KEY  WORDS : SEQUENCES  /  CONVERGENT  SEQUENCE  /  TESTS  FOR

             CONVERGENCE  OF  SERIES 
          ANGKANA  SRITACHANUPONG :  SERIES  OF  REAL  NUMBERS.  AN  

INDEPENDENT  STUDY  ADVISOR  :  ASSOC. PROF.  WAREE  KAROT.  90  pp. 

A  series  of  real  numbers  is  a  sequence  of  real  numbers  defined  from  a  
given  sequence  of  real  numbers.  In  this  an  independent  study  we  first  study  
sequences  of  real  numbers  and  their  properties, especially  we  study  Bolzano-
Weierstrass  theorem  which  we  apply  to prove  an  important  property  of  sequences. 

      For  the  study  of  series  of  real  numbers  we  present  all  tests  of  
convergence.  Morever  we  study  absolute convergence  and  conditional  convergence  of  
series.  Finally  we  study  products  of  series  and  the  study  shows  the  importance  of  
absolute  convergence  of  series. 
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( INTRODUCTION ) 

  2 :   3

  4

  3 :
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  4 :
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( BASIC  THEOREMS ) 

  3   4

 [1]  [3]

I

R

A B A B

D f f

f

  2.1 : f

l l

a a

f x    ( limit  ofa f  as

x   approaches  ) a lim ( )
x a

f x l 0 0

( )f x l x D f 0 x a

  2.2 : f

l

a a

l f x a   ( limit

of f  as x   approaches   from  the  left ) a lim ( )
x a

f x l

0 0 ( )f x l x D f a x a

2
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l f x   ( limit  ofa f

as x   approaches   from  the  right ) a lim ( )
x a

f x l

0 0 ( )f x l x D f a x a

lim ( )
x

f x l 0 0N

( )f x l x N

lim ( )
x

f x l 0 0N

( )f x l x N

  2.3 : D R :f D R a D

f ( continuous  at  )a a 0 0

( ) ( )f x f a x D f 0 x a

  2.4 : f ( continuous  from  the  left

at a )

a

lim ( ) ( )
x a

f x f a

f   ( continuous  from  the  right

at )

a

a lim ( ) ( )
x a

f x f a

  2.5  : f ( continuous  function

on  open  interval  )

( , )a b

( , )a b f ( , )x a b

  2.6  : f ,a b ( continuous  function

on  closed  interval ,a b  ) f

      (1) f ( , )a b

      (2) f x a

      (3) f x b
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  2.7  : f f ( differentiable

at a   )

a

0

( ) (
lim
h

)f a h f a

h
f a

( derivative  of f at   )a ( )f a

  2.8  : I f

I ( differentiable  on I  ) f I

  2.9  : f lig m ( ) 0
x a

f x lim ( ) 0
x a
g x

f

g

0

0
  ( indeterminate  form

0

0
 )

0
. .
0

I F

  2.10  : f g lim ( ) 0
x a

f x lim ( ) 0
x a
g x

f

g
   ( indeterminate  form  )

. .I F

  2.11 :   ( L’  Hopital’s   Rule ) f g

( , )a b ( ) 0g x ( , )x a b
0 ( , )x a b

0 0

lim ( ) 0 lim ( )
x x x x

f x g x
0

( )
lim

( )x x

f x

g x

0 0

( ) ( )
lim lim

( ) ( )x x x x

f x f

g x g x

x

  2.12  :

      (1)
0 0

lim ( ) lim ( )
x x x x

f x g x

      (2) x 0x x

0x x
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      (3) 
0

. .
0

I F

. .I F
0

. .
0

I F . .I F

  2.13  : ( )f x ,a u u

 ( improper  integral )

a

f ( )
a

f x dx

( ) lim ( )

u

u
a a

f x dx f x dx 1

( )
a

f x dx  (1)

( )
a

f x dx
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 ( SEQUENCES  OF  REAL  NUMBERS ) 

 – 

 – 

3.1  ( Basic  Definitions ) 

 3.1.1 :  ( sequence  of  real  numbers ) 

:f I R

n I ( ) nf n x nx n ( thn term)

nx , , ,..., ,...nx x x x1 2 3

  3.1.2  :

      1) 
1

nx
n

      2) 
2 1

n

n
x

n

      3) ( 1)nnx

6
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 3.1.3 : nx L
nx L

( converges  to  )L 0 N n N

nx L

( limit ) L nx

lim nx L nx L

 3.1.4 : nx L nx L

nx   ( convergent  sequence )

nx nx nx

( divergent  sequence ) L
nx L

 3.1.5 : nx c c n I

nx c

 ( Archimedean  Principle )  : a b

n na b

0 ,m n

1
,m
n

 3.1.6 : n
1

1
2

nx
n

nx 1

: 0
1

2
N

1
2

N

n N

1 1
2

n N
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1 1
1 1 1

2 2
nx

n n

nx 1

 3.1.7 :
2

1
2nx
n

nx 2

: 0
1

N

2

1

N

n N

2 2

1 1

n N

2 2 2

1 1 1
2 2 2nx

n n n

nx 2

 3.1.8 : 1
n

nx n I nx

  : L nx L 1

  3.1.3 N I

1
n
L 1 n N

2
1 1 1

N
L L L 1

0L

2 1
1 1 1 1 1

N
L L L L L 1

0L

nx
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 3.1.9 : x R 0x nx 0nx n

lim nx x lim nx x

  : x R 0x
nx

lim nx x   2

 1 : 0x

0 N

20n n nx x x n N

0n nx x xn n N

lim nx x

 2 : 0x

0 N

nx x x n N

n N

n

n n

n

x x
x x x x

x x

n

n

n

x x

x x

x x

x

lim nx x

  3.1.10 : nx  ( diverges  to  infinity ) M

N nx M

n N

lim nx nx

  3.1.11 :
2

nx n nx
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  : 0M N M

2N M

n N

2 2

nx n N M

nx

  3.1.12 : nx ( diverges  to  negative  infinity )

K N nx K

n N

lim nx nx

  3.1.13 : 2nx n n nx

  : 0K
2

K
N

2N K

n N

2 2n N K

nx K

nx

  3.1.14 : nx ( bounded ) M nx M

n

  3.1.15 : nx

(1) 1n nx x n I nx

( monotone  increasing  sequence ) 
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(2) 1n nx x n I nx

( monotone  decreasing  sequence ) 

nx  (1)   (2)  ( monotone 

sequence ) 

  3.1.16 :  1  2  3 

 4

      1)
1 2 3 4
, , , ,..., ,...
2 3 4 5 1

n

n
2

1

2

1 1 2 1
1

2 2

n

n

x n n n n

x n n n n

      2)
1 1 1 1

1, , , ,..., ,...
2 3 4 n

1 1
1

1 1

n

n

x n
n

x n n

      3)
1 1 1 1

1,- , ,- , ,...
2 3 4 5

 1  2

 2  3 

      4)  1  2

 2   3

2,4,3,5,...

  3.1.17 :  ( upper  bound ) nx u

nx u n

  3.1.18  : ( least  upper  bound )u

nx u

      (1) u nx

      (2) b nx b u

  3.1.19 :  ( lower  bound ) nx l

nl x n
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 3.1.20 : ( greatest  lower  bound )l

nx l

      (1) l nx

      (2) a nx l a

A

 3.1.14  3.1.17  3.1.19

  3.1.21 : nx nx

  3.1.22 :

      1)
2

n

2
2

n
n I

      2) 1
n

1
n
1 n I

      3) n n

      4) 1
n
n

3.2   ( Theorems  of  Sequences ) 

 3.2.1 :

  : nx

L M nx

L M L M 0L M
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1

2
L M nx L

1N I

nx L 1n N

nx M 2N I

nx M 2n N

1 2max ,N N N 1n N

2 n nL M L x x M

2

n nL x x M

L M

 3.2.2 : nx L 0

nx ,L L

  : nx L 0

  3.1.3 N

nx L n N

nx L nL x L

,nx L L n N

nx ,L L N

0 nx

,L L

nx L 0

nx ,L L

1 2
, ,...,

kn n nx x x

1 2 ... kn n n

kN n n N

,nx L L
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nx L n N

nx L

 3.2.3 : nx nx

: nx L 1

N I

1n nx L x L n N

1nx L n N

1 2max , ,..., ,1NM x x x L

n I

nx M

nx

 3.2.4 : na nb na a nb b

      (1) n na b a b

      (2) nca cca

      (3) n na b ab

      (4) 0b 0nb n n

n

a

b

a

b

      (5) na a

      (6) lim 0na lim 0na

  : (1) 0

na a 1N 1n N

2
na a

nb b 2N 2n N
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2
nb b

1 2max ,N N N n N

2 2
n n n na b a b a a b b

n na b a b

      (2) 0 c   2

 1 : 0c

0nca nca 0 ca

 2 : 0c

0 0c 0
c

na a N n N

na a
c

n N

n nca ca c a a c
c

nca ca

      (3) 0

na a

1N I 1n N

2 1
na a

b

  3.2.3 na

0M

na M n I

nb b

2N I 2n N

2
nb b

M
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1 2max ,N N N n N

n n n n n na b ab a b a b a b ab

2 2 1

2 2

n n n n

n n n

a b a b a b ab

a b b b a a

M b
M b

n na b ab

      (4) 0

N n N

n

n

a a

b b

n n

n n

a a b aa

b b b b

nb

1

1

n n

n

n n

n n

n n

n n

a b ab ab ab
b b

b a a a b b

b b b b

a
a a b b

b b b

nb b 0b

2

b

1N

2
n

b
b b 1n N

1n N

2
n n n n n

b
b b b b b b b b
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2
n

b
b 1n N

1 2

nb b
1n N

na a

2N 2n N

4
n

b
a a

nb b

3N 3n N

2

4 1
n

b
b b

a

1 2 3max , ,N N N N n N

1n
n n

n n n

aa a
a a b b

b b b b b

2

2 2

2 2

4 4 1

2 2

n n

a
a a b b

b b b

b a b

b b b a

n

n

a

b

a

b

      (5)

n na a a a

      (6)

na an
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   3.2.5 : na nb n na b

n na c 1nc nb na a nb b

n na b a b

  3.2.6  : nx 0nx n I nx L

0L

: 0L

2

L
nx L

N

2
n

L
x L n N

n N

2 2
n

L L
x L

3
0

2 2
n

L L
x

0nx n N

0L

  3.2.7  : nx 0nx n I nx L

0L

: 0L

2

L
nx L

N

nx L n N

n N

nx L
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0
2

n

L
L x L

0nx n N

0L

  3.2.8  :

      (1) na L
na K n I L K

      (2) na nb na bn n I na

L
nb K L K

      (3) na  , nb nc n na b cn n I

na L nc L nb L

  : (1) na L na K

n

nb K

nb K n na b L K

na K nb K

0n na b K K

  3.2.6 0L K

L K

      (2)   3.2.5 n na b L K

0n na b

  3.2.6 0L K

L K

      (3) 0
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na L 1N

na L

1n N

nL a

nc L 2N

nc L

2n N

nc L

1 2max ,N N N n N

n n nL a b c L

nb L

nb L

  3.2.9 : lim 1n n

  : n I n
na n

1n 1 1nn n

1 0n
nx n   , 1n

1
n

nn x

2

2

2

1
1 ...

2

1
1

2

1

2

n

n n

n n

n

n n
nx x x

n n
nx x

n n
x

n

2 2
0

1
nx
n

1n
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2

1
nx

n

2
1 1 1

1

n
nn x

n

2
lim 1 1

1n

  3.2.8 (3) lim 1n n

  3.2.11 

  ( Axiom  of  Completeness )   : 

      (1) A R A A A

      (2) A R A A A

 3.2.10 : A nx

 3.2.11 : nx nx

nx

  : nx nx

nx

u nx u nx

N I Nx u

nx u n N

nu x u u

nx u
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n N

nx u

 3.2.12 : 

      (1) nx nx

nx

      (2) nx 0nx n I

nx L 0L

  :  (1) nx

nx

M M nx

N

Nx M

n N

n Nx x M

nx

      (2)   3.2.7 0L

0L 1

2

x

N

1

2
n

x
x

n N

1

2
n

x
x

n N

0L

 
 
 
 

 
 
 
 

 
 



23

  3.2.13  : nx nx

nx

  : nx nx

nx

l nx l nx

N I Nx l

nx l n N

nl l x l

nx l

n N

nx l

 3.2.14 : nx nx

nx

  : nx nx

L L nx

N

Nx L

n N

n Nx x L

nx

 3.2.15 : nx
1 3 5 ... 2 1

2 4 6 ... 2
n

n
x

n
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  :
1 3 5 ... 2 1

2 4 6 ... 2
n

n
x

n

      (1) nx

1
1 3 5 ... 2 1 2 1 2 1

1
1 3 5 ... 2 1 2 2

2 4 6 ... 2 2 2
2 4 6 ... 2

n

n

n n nx

nx n
n n

n

1n nx x n

nx

      (2) 0 nx

  3.2.13 nx

 3.2.16 : nx 1 2x 1 2n nx x

(1) 2nx n

(2) nx nx

(3) lim 2nx

: (1) 2nx n

n P n

2nx

nP n

( )i 1P

1 2x 2 2

1 2x

( )ii k I P k

2kx

1 2 2 2 4k kx x 2
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1P k

2nx n

      (2) nx

1 2n nx x

2

1 2n nx x

2 2 2

1 2 1 2n n n n n nx x x x x x

2

0

n0 nx

1 2n nx x

2 2

1n nx x

1n nx x n

nx

 3.2.11 nx L

      (3) lim 2nx lim nx x

1lim lim 2n nx x

lim 2 2nx x x

2 2x x 2 2 0x x
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1 1 8 1 3
2, 1

2 2
x

  3.2.7 2x

 3.2.17  : ,A R A A nx

(1) nx A n I

(2) lim nx A

  : A

nx nx A lim nx

  2

  1 : A

nx n

nx A lim nx

  2 : A

n
1

n
A

nx A

1
nx

n

lim nx 0 N

1

N

n N

1 1
nx
n N

n nx x

lim nx

 3.2.18  : ,A R A A nx

(1) nx A n I

(2) lim nx A
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  : A

nx nx A lim nx

  2

  1 : A

nx n

nx A lim nx

  2 : A

n
1

n
A

nx A

1
nx

n

lim nx 0 N

1

N

n N

1 1
n nx x

n N

lim nx

 3.2.19  : lim na a f
na

f f a ( )nf a ( )f a

  : 0 f x a

0 x a

( ) ( )f x f a

lim na a N n N

na a

n N

na a

( ) ( )nf a f a

( )nf a ( )f a
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 3.2.20  :   3.2.19 f

0
( )

1
f x

f 0

, 0x, 0x

, 0x

1
nx
n

lim 0nx

lim ( ) 1 (lim ) 0nf x f xn

 3.2.21  : f [ , )b nx

( )nx f n n b lim ( )
x

f x L lim nx L

  : lim nx L 0

lim ( )
x

f x L 0M x M

( )f x L

N M n N

( )nx L f n L

lim nx L

 3.2.22  : nx   1

1
ln 1

n

nx
n

  : : 1,f R

1
( ) ln 1

x

f x
x

1,x

lim ( ) 1
x

f x
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1
ln 1

1
( ) ln 1

1

x
f x x

x

x

1
( ) ln 1g x

x

1
( )h x

x
1,x

hg 1, 1,

1,x

2

1
( ) 0h x

x

1 1
lim ( ) lim ln 1 ln lim 1 ln 1 0
x x x
g x

x x

1
lim ( ) lim 0
x x
h x

x

g

h

0
. .
0

I F

( ) 1
lim lim 1

1( )
1

x x

g x

h x

x

( ) ( )
lim lim 1

( ) ( )x x

g x g x

h x h x

  3.2.21 lilim ( ) 1
x

f x m 1nx

3.2.23  :
1

1

n

nx
n

nx

  : nx
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1
1

n

nx
n

0

2 3

1

1 1 2 1 ... 11 1
1 1 ...

1 2 1 2 3 1 2 3 ...

1 1 1 1 2 1 1 2 1
2 1 1 1 ... 1 1 ... 1
2 2 3 2 3 ...

n

k
k

n

n

k n

n n n n n n n n n

n n n

n

n n n n n n

1

n

n

1

1

1
1

1

n

nx
n

1

1

1
1

1

n

nx
n

0

2 1

1 1

1

1 1 ... 11 1
1 1 ...

1 2 1 2 3 ... 11 1

1 1 1 1 2
2 1 ... 1 1 ... 1
2 1 2 3 ... 1 1 1 1

n

k
k

n

n

k n

n n n n n n

nn n

n

n n n n n

1 1

1n n

1 2 1 1 2
1 1 ... 1 1 1 ... 1

1 1

n n

n n n n n n 1
1

1

1 1
1 1

1

n n

n nx x
n n

nx

nx

1
1

n

nx
n

n I
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1
1

n

nx
n

0

2 3

2 2

1

1 1 2 1 ... 11 1 1
1 1 ...

1 2 1 2 3 1 2 3 ...

1 1 1 1 2 1 1 2 1
2 1 1 1 ... 1 1 ... 1
2 2 3 2 3 ...

1 1 1 1
2 1 ...
2 2 2 2

2

n

k
k

n

n

n

k n

n n n n n n n n n

n n n n

n

n n n n n n n

1

1 1 1
1 1
2 22

3

n

nx

  3.2.10 nx x

x nx

1 2x x

x e ln 1x

ln x 0,

  3.2.19

1
ln 1

n

n
ln x

  3.2.22

1
lim ln 1 1

n

n

ln 1x x e
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3.3 ( Subsequences ) 

 3.3.1 : nx kn

1 2 ... ...kn n n

kn
x ( subsequence ) nx

 3.3.2 : k

kn k

 3.3.3 : 1
n

nx 2kn k

kn
x 1,1,1,...

2 1kn k

kn
x 1, 1, 1,...

 3.3.4 :
2

n

n
x 2 1kn k

kn
x

3 5 7
, , ,...
2 2 2

 3.3.5 :
kn
x nx L 0

K k K
kn
x L

 3.3.6 : nx

( subsequential  limit ) 

L

nx kn
x nx kn

x L

 3.3.7 : 1
n

nx 4 5kn k

kn
x

9 13 17 21, , , ,...x x x x
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1
kn
x 1 nx

6kn k 2
kn
x 1

1 nx

 3.3.8  : nx L nx L

  : nx L
kn
x nx

kn
x L

0

nx L

N n N

nx L

k N

kn k N

kn
x L

kn
x L

nx nx

kn k k

nx L

 3.3.9  : L nx ,L L

nx 0

  : L nx

kn
x nx kn

x L

0 K k K

kn
x L

k N
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,
kn
x L L

nx ,L L

0 ,L L
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( SERIES  OF  REAL  NUMBERS ) 

4.1 ( Definitions  of  series ) 
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