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Chapter 1

Introduction

In this chapter we recall some definitions and notations used in this thesis.
A graph is an ordered pair G = (V (G), E(G)) where V (G) is a nonempty

set of vertices and E(G) is a set of unordered pairs of vertices. The elements of
E(G) are called edges. If {u, v} ∈ E(G), we denote {u, v} by uv and we say that
u and v are adjacent. For any e = uv ∈ E(G), the vertices u and v are called the
end vertices of uv, and e is said to join u and v. Two edges are adjacent if they
have a common end vertex.

A graph is said to be finite if it has finite vertices and edges. An empty
graph is a graph with no edges. The order of a graph is the number of its vertices.
An edge with identical end vertices is called a loop. Two or more edges that join
the same pair of vertices are called parallel edges. A graph with no loops nor
parallel edges is called a simple graph. All graphs considered in this thesis are
finite and simple.

An isomorphism from a graph G to a graph H is a bijection f : V (G) →
V (H) such that uv ∈ E(G) if and only if f(u)f(v) ∈ E(H). We say G is iso-
morphic to H and write G ∼= H if there is an isomorphism from G to H. A
graph H is a subgraph of a graph G if V (H) ⊆ V (G) and E(H) ⊆ E(G). For a
nonempty subset S of V (G), the subgraph of G induced by S, is the graph G[S]
with V (G[S]) = S and E(G[S]) = {uv ∈ E(G)|u, v ∈ S}. A spanning subgraph of
G is a subgraph of G which contains every vertex of G. A neighbor of a vertex v
in G is a vertex which is adjacent to v and the neighborhood of v in G, denoted by
NG(v), is the set {u ∈ V (G)|uv ∈ E(G)}. The degree of v in G is |NG(v)|. The
minimum degree of all vertices in G is denoted by δ(G) and the maximum degree
of all vertices in G is denoted by Δ(G).

A complete graph is a graph in which every pair of vertices are adjacent.
A complete graph of order n is denoted by Kn. A clique of a graph is a complete
subgraph which is not contained in any other complete subgraphs. A graph G is
bipartite if V (G) can be partitioned into two nonempty subsets V1 and V2 such
that every edge of G joins a vertex of V1 and a vertex of V2. Moreover, if every
vertex of V1 is joined to every vertex of V2, then G is called a complete bipartite
graph, denoted by Km,n where m = |V1| and n = |V2| .

A walk of length n from a vertex u to a vertex v in a graph is a finite
sequence (u = v0, v1, ..., vn−1, vn = v) such that any two successive vertices are
adjacent; when there is no ambiguity, we may drop the parentheses. The vertices
v1, ..., vn−1 are called the internal vertices of the walk. A path is a walk with
distinct vertices. A path from a vertex u to a vertex v is denoted by u − v. If
a path u − v and a path v − w have only v as a common vertex, then they can
be concatenated to be a path u − w and we denote this concatenated path by
u−v−w. A cycle is a walk that starts and ends at the same vertex but otherwise
has distinct vertices. A cycle with n vertices is denoted by Cn. Two vertices u and
v are connected if there is a walk from u to v. A graph G is connected if every pair
of its vertices are connected; otherwise G is disconnected. The distance between
two vertices u and v, denoted by d(u, v), is the length of a shortest u− v path in
G. The diameter of G, denoted by diam(G), is the maximum distance between
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two vertices of G.
The (vertex-)connectivity of a graph G, denoted by κ(G), is the least num-

ber of vertices whose removal (along with all incident edges) disconnects G or
reduces it to an empty graph. The edge-connectivity of G, denoted by λ(G), is
the least number of edges whose removal disconnects G or reduces it to an empty
graph. A graph G is called n-connected if κ(G) ≥ n and m-edge connected if
λ(G) ≥ m. For two distinct vertices u and v of a graph G, a set of u− v paths is
said to be internally disjoint if u and v are the only vertices that any pair of dis-
tinct paths in the set have in common. We will write id-paths instead of internally
disjoint paths. A set of two or more paths is said to be disjoint (edge-disjoint) if
there is no common vertex (edge) in any pair of paths in the set. We will write
ed-paths instead of edge-disjoint paths.

A regular graph is a graph where each vertex has the same degree. This
common degree is the degree of the graph. A k-regular graph is a regular graph
with degree k. A connected graph G is distance-regular if it is a regular graph and
there exist integers bi, ci for i ∈ {0, ..., diam(G)} such that for any two vertices
x, y in G and distance i = d(x, y), there are exactly ci neighbors of y in Gi−1(x)
and bi neighbors of y in Gi+1(x), where Gj(x) is the set of vertices z of G with
d(x, z) = j. Let S be a set of n elements and let d be a positive integer. A Ham-
ming graph H(d, n) is a graph whose vertex set is the set of words of length d of
elements of S and two vertices are adjacent if they differ in precisely one position.
The set S of the Hamming graph is called an alphabet set.

Figure 1 : Hamming graph H(3, 2) where {0,1} is its alphabet set.

A Johnson graph J(n,m), where m ∈ {0, 1, ..., n} is a graph whose vertex
set is the set of m-subsets of S and two vertices are adjacent if they have exactly
m−1 elements in common. The set S of Johnson graph is also called an alphabet
set.

Figure 2 : Johnson graph J(4, 2) where {1,2,3,4} is its alphabet set.
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A Hamming graph H(d, n) is distance-regular with ci = i and bi = (n −
1)(d− i), for i = 0, ..., diam(H(d, n)). A Johnson graph J(n,m) is distance-regular
with ci = i2 and bi = (m− i)(n−m− i), for i = 0, ..., diam(J(n,m)).

Let G be a nonempty graph. The line graph of G, denoted by L(G), is the
graph whose vertex set is the edge set of G and two vertices of L(G) are adjacent
if and only if they are two adjacent edges in G. A graph H is called a line graph
if there exists a graph F such that H ∼= L(F ). The star at a vertex v in G is the
set of all edges incident to v. A nonempty subgraph X of G is said to induce a
subgraph Y of L(G) if Y is the subgraph of L(G) induced by the vertices in E(X).
In particular, a nontrivial path in G induces a path in L(G) and a nonempty star
in G induces a clique in L(G).

A collection K of subgraphs of a graph G is called a Krausz partition of G
if it satisfies the following three properties:

(1) each member of K is a complete graph;
(2) every edge of G is in exactly one member of K;
(3) every vertex of G is in exactly two members of K.
For a graph G, the least number of colors needed to color the vertices of

G in such a way that no two adjacent vertices have the same color is called the
chromatic number of G, denoted by χ(G). Similarly, the least number of colors
needed to color the edges of G in such a way that no two adjacent edges have the
same color is called the edge-chromatic number of G, denoted by χ1(G). Observe
that χ(L(G)) is χ1(G).

For a graph G, a k-factor of G is a spanning k-regular subgraph of G and
G is said to be k-factorable if the edges of G can be partitioned into edge disjoint
k-factors. ForM ⊆ E(G), M is a matching in G if no two edges of M are adjacent;
the two end vertices of each edge of M are said to be matched under M .

For a graph G, Whitney [8] showed that κ(G) ≤ λ(G) ≤ δ(G). For a
distance-regular graph G with degree k, Brouwer and Koolen [4] showed that
κ(G) = k and thus we have κ(G) = λ(G) = k.

For a line graph of a distance-regular graph, we conjecture that their con-
nectivity, edge-connectivity and degree are equal as well. In this thesis we prove
our conjecture for two families of distance-regular graphs which are Hamming
graphs and Johnson graphs.

Moreover, we provide the characterization of the graphs whose line graphs
are Hamming graphs and Johnson graphs and provide the chromatic numbers of
line graphs of Hamming graphs.
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Chapter 2

Preliminaries

In this chapter we state a number of results that we will use.

The following are results on connectivity and edge-connectivity.

Theorem 2.1. [8, Theorem 5] For any graph G, we have κ(G) ≤ λ(G) ≤ δ(G).

Theorem 2.2. [4] Let G be a non-complete distance-regular graph with degree
k > 2. Then κ(G) = k.

Theorem 2.3. [6, Theorem A] A graph G is n-connected (m-edge connected)
if and only if there exist at least n id-paths (m ed-paths) between every pair of
distinct vertices.

Remark 2.4. Ed-paths in a graph G induce disjoint paths in L(G).

Theorem 2.5. [1,Exercise 3.2.3] Let G be an n-connected graph and let S1 and
S2 be subsets of V (G) such that 1 ≤ |S1| = |S2| = m ≤ n. Then there exists m
disjoint paths P1, P2, ..., Pm such that Pi is a path from a vertex in S1 to a vertex
in S2 for all i ∈ {1, ...,m}.

The following are results on line graphs.

Theorem 2.6. [2, Theorem 2.1(ii)] If a graph G is k-regular, then L(G) is (2k−2)-
regular.

Theorem 2.7. [6, Corollary 2a] For any graph G, we have λ(L(G)) ≥ 2λ(G)− 2.

Theorem 2.8. [2, Theorem 2.1(vii)] If G is a connected graph with n vertices,
where n �= 3, then L(G) ∼= Kn if and only if G ∼= K1,n .

Theorem 2.9. [2, Theorem 4.3] A graph G is not a line graph if G has K1,3 as
an induced subgraph.

Theorem 2.10. [2, Corollary 4.2] Let H be a connected line graph of a graph F .
Suppose H is not one of the graphs L(Gi) in Figure 3, then H has one and only
one Krauz partition. Moreover, all members of this partition are induced by the
stars at the vertices of F .

Figure 3 : The graphs whose line graphs have more than one Krauz partition.
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The following are results on edge-chromatic numbers.

Theorem 2.11. [7, Theorem 6.14] (Vizing’s Theorem) For any graph G,
Δ(G) ≤ χ1(G) ≤ Δ(G) + 1.

Theorem 2.12. [5, p.302] For a k-regular graph G with k ≥ 1,
χ1(G) = k if and only if G is 1-factorable.

Theorem 2.13. [1, Theorem 4.2.2(3)] For any positive integer n, the complete
graph K2n is 1-factorable.
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Chapter 3

Line graphs of Hamming graphs

In this chapter we present the results on the connectivity of line graphs of
Hamming graphs. In addition we characterize the graphs whose line graphs are
Hamming graphs and provide the chromatic numbers of line graphs of Hamming
graphs.

Theorem 3.1. For a distance-regular graph G with degree k, we have λ(L(G)) =
2k − 2.

Proof. By Theorem 2.1, Theorem 2.2, Theorem 2.6 and Theorem 2.7.

Lemma 3.2. For a k-regular graph G, we have κ(L(G)) ≤ 2k − 2.

Proof. By Theorem 2.1 and Theorem 2.6.

Lemma 3.3. Let G be a distance-regular graph with degree k. Then there exist
2k − 2 id-paths between any two adjacent vertices in L(G).

Proof. If k = 1, then G is K2 and L(G) is K1. There is nothing to prove here.
If k = 2, then G is a cycle since a connected 2-regular graph is a cycle.

Therefore, L(G) is a cycle and there exist 2k − 2 = 2 id-paths between any two
adjacent vertices in L(G).

Now suppose k ≥ 3. Let eA and eB be two adjacent vertices in L(G).
Then they are two adjacent edges in G. Let uA, uB and v be the vertices of G
such that eA = uAv and eB = uBv. Then there exist k − 2 more edges which are
incident with v. Let these edges be e1, e2, ..., ek−2. Then P := {(eA, ei, eB)|1 ≤ i ≤
k − 2} ∪ {(eA, eB)} is a set of k − 1 id-paths from eA to eB in L(G).

Figure 4 : k − 1 id-paths from eA to eB in L(G).

Since G is distance-regular with degree k ≥ 3, by Theorem 2.2 we have
κ(G) = k and thus by Theorem 2.3, there exist k id-paths from uA to uB in G.
Let Q be the set of these k paths. Since G is k-regular and v is a common neigh-
bor of uA and uB, the set Q contains the path (uA, v, uB). By this and since the
paths in Q are id-paths, none of e1, e2, ..., ek−2 is in any paths of Q. Therefore,
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Q \ {(uA, v, uB)} is the set of k − 1 id-paths from uA to uB in G.

Figure 5 : k − 1 id-paths in Q \ {(uA, v, uB)} from uA to uB in G

These paths induce k− 1 id-paths from eA to eB in L(G) which differ from
the paths in P . Hence we have (k − 1) + (k − 1) = 2k − 2 id-paths from eA to eB
in L(G)

Proposition 3.4. Let G be a complete graph with k+1 vertices. Then κ(L(G)) =
2k − 2.

Proof. Let eA and eB be two distinct edges of G. To show that κ(L(G)) = 2k− 2,
by Theorem 2.3 and Lemma 3.2, it suffices to display 2k − 2 id-paths from eA to
eB in L(G).

If eA and eB are adjacent, then there are 2k − 2 id-paths from eA to eB in
L(G) by Lemma 3.3. Now suppose that eA and eB are not adjacent. Observe that
ed-paths from the end vertices of eA to the end vertices of eB in G induce id-paths
from eA to eB in L(G). To finish the proof we will display such 2k − 2 ed-paths
in G.

Let u1, u2, u3 and u4 be the vertices such that eA = u1u2 and eB = u3u4 and
let w1, w2, ..., wk−3 be the remaining vertices in G. Then the following sequences
are 2k − 2 ed-paths from the end vertices of eA to the end vertices of eB in G:

(u1, u3); (u2, u4); (u1, u4); (u2, u3);

(u1, wi, u3),
(u2, wi, u4),

1 ≤ i ≤ k − 3 ; and
1 ≤ i ≤ k − 3.

Figure 6 : 2k − 2 ed-paths from the end vertices of eA to the end vertices of eB.
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Theorem 3.5. Let G be a Hamming graph H(d, n) with degree k = d(n − 1).
Then κ(L(G)) = 2k − 2.

Proof. Let S be the alphabet set of G.
If d = 1, then G is a complete graph and the result is done by Proposition

3.4. Therefore, we may assume that d ≥ 2. Let e1 and e2 be two distinct edges in
G. Then e1 and e2 are two distinct vertices in L(G). By Theorem 2.3 and Lemma
3.2, to show that κ(L(G)) = 2k − 2 it suffices to display 2k − 2 id-paths from e1
to e2 in L(G).

If e1 and e2 are adjacent, then there exist 2k − 2 id-paths from e1 to e2 in
L(G) by Lemma 3.3. Now suppose that e1 and e2 are not adjacent. Observe that
ed-paths from the end vertices of e1 to the end vertices of e2 in G induce id-paths
from e1 to e2 in L(G). To finish the proof we will display such 2k − 2 ed-paths in
G.

For any u ∈ V (G), a ∈ S and 1 ≤ i ≤ d, let rp(u, a, i) denote the vertex
obtained from replacing the element at the position i of the vertex u with a.

For convenience, we write u − P − v to denote path P from vertex u to
vertex v. If a u− v path has length 1, then we write u ∼ v.

For i = 1, 2, let zi be the position where the end vertices of ei differ. Then
either z1 = z2 or z1 �= z2.
Case 1 : z1 = z2.

Without loss of generality, assume that z1 is the first position.
Let a1, a2, b1, b2, x1, ..., xd−1, y1, ..., yd−1 be the elements of S such that

a1x1...xd−1 and b1x1...xd−1 are the end vertices of e1, and a2y1...yd−1 and b2y1...yd−1

are the end vertices of e2.
For any a ∈ S, let Ha be the induced subgraph of G whose vertices

have the element a at the position z1. Then for distinct a, b ∈ S, we have
V (Ha)∩V (Hb) = φ. For any a ∈ S, the subgraph Ha is isomorphic to H(d−1, n).
Thus, for any a ∈ S, κ(Ha) = (d− 1)(n− 1) by Theorem 2.2, and for any distinct
vertices u1, u2 ∈ Ha, there exist (d − 1)(n − 1) id-paths from u1 to u2 in Ha by
Theorem 2.3.

For any a ∈ S and u ∈ NHa(ax1...xd−1), let Pa be a set of (d − 1)(n − 1)
id-paths from ax1...xd−1 to ay1...yd−1 in Ha, let Pa(1), Pa(2) be two distinct paths
in Pa, let Pa(u) be the path in Pa which contains u, and let Pa′(u) be the path
obtained by deleting the vertex ax1...xd−1 from Pa(u).

Let sa1,1, sa1,2, ..., sa1,(d−1)(n−1) be the distinct vertices in NHa1
(a1x1...xd−1).

For any c ∈ S, let sc,1, sc,2, ..., sc,(d−1)(n−1) be the distinct vertices in NHc(cx1...xd−1)
such that sc,i = rp(sa1,i, c, z1) for i ∈ {1, ..., (d− 1)(n− 1)}. Then for any distinct
b, c ∈ S, the vertex sb,i is adjacent to the vertex sc,i for each i ∈ {1, ..., (d− 1)(n−
1)}.

Case 1.1 : {a1, b1} = {a2, b2}.
Without loss of generality, assume that a1 = a2 and b1 = b2. Then we have

2(d− 1)(n− 1) ed-paths in Pa1 ∪ Pb1.
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Figure 7 : ed-paths in Pa1 ∪ Pb1

Let S ′ = S \ {a1, b1}. Then |S ′| = n− 2. Let Q be the set of the following paths:
a1x1...xd−1 ∼ cx1...xd−1 − Pc(1)− cy1...yd−1 ∼ a2y1...yd−1; and
b1x1...xd−1 ∼ cx1...xd−1 − Pc(2)− cy1...yd−1 ∼ b2y1...yd−1

where c ∈ S ′.

Figure 8 : 2(n− 2) ed-paths in Q
Observe that the paths in Q are edge-disjoint and their internal vertices

are not in Ha1 or Hb1 . Thus the paths in Q together with the paths in Pa1 and
Pb1 are edge-disjoint and they induce 2(n− 2) + 2(d− 1)(n− 1) = 2d(n− 1)− 2
id-paths from e1 to e2 in L(G).

Case 1.2 : |{a1, b1} ∩ {a2, b2}| = 1.
Without loss of generality, assume that a1 = a2. Then we have (d−1)(n−1)

paths in Pa1.

Figure 9 : ed-paths in Pa1
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Let Qb1b2 be the set of the following paths:
b1x1...xd−1 − Pb1(sb1,1)− b1y1...yd−1 ∼ a2y1...yd−1;
b1x1...xd−1 − Pb1(sb1,2)− b1y1...yd−1 ∼ b2y1...yd−1;
a1x1...xd−1 ∼ b2x1...xd−1 − Pb2(sb2,1)− b2y1...yd−1;
b1x1...xd−1 ∼ b2x1...xd−1 − Pb2(sb2,2)− b2y1...yd−1; and
b1x1...xd−1 ∼ sb1,i ∼ sb2,i−Pb′2(sb2,i)−b2y1...yd−1, i ∈ {3, ..., (d−1)(n−1)}.

Figure 10 : ed-paths in Qb1b2

Observe that Qb1b2 has (d − 1)(n − 1) + 2 paths which are edge-disjoint
and their internal vertices are not in Ha1 but are in Hb1 or Hb2 .

Let Q be the set Q as in Case 1.1 but with S ′ = S \ {a1, b1, b2}.
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Figure 11 : 2(n− 3) ed-paths in Q

Then Q has 2(n− 3) paths which are edge-disjoint and their internal vertices are
not in Ha1 , Hb1 or Hb2 . Thus the paths in Q together with the paths in Pa1 and
Qb1b2 are edge-disjoint and they induce 2(n−3)+(d−1)(n−1)+(d−1)(n−1)+2 =
2d(n− 1)− 2 id-paths from e1 to e2 in L(G).

Case 1.3 : {a1, b1} ∩ {a2, b2} = φ.
Let Qb1b2 be the set Qb1b2 as in Case 1.2 . Let Qa1a2 be the set of the

following paths:
a1x1...xd−1 − Pa1(sa1,1)− a1y1...yd−1 ∼ a2y1...yd−1;
a1x1...xd−1 − Pa1(sa1,2)− a1y1...yd−1 ∼ b2y1...yd−1;
a1x1...xd−1 ∼ a2x1...xd−1 − Pa2(sa2,1)− a2y1...yd−1;
b1x1...xd−1 ∼ a2x1...xd−1 − Pa2(sa2,2)− a2y1...yd−1; and
a1x1...xd−1 ∼ sa1,i ∼ sa2,i−Pa′2(sa2,i)−a2y1...yd−1, i ∈ {3, ..., (d−1)(n−1)}.
Observe that Qa1a2 has (d − 1)(n − 1) + 2 paths which are edge-disjoint

and their internal vertices are not in Hb1 or Hb2 but in Ha1 or Ha2 .
Let Q be the set Q as in Case 1.1 but with S ′ = S \ {a1, a2, b1, b2}. Then

Q has 2(n− 4) paths which are edge-disjoint and their internal vertices are not in
Ha1 , Ha2 , Hb1 or Hb2 . Thus the paths in Q together with the paths in Qa1a2 and
Qb1b2 are edge-disjoint and they induce 2(n− 4)+ (d− 1)(n− 1)+2+ (d− 1)(n−
1) + 2 = 2d(n− 1)− 2 id-paths from e1 to e2 in L(G).
Case 2 : z1 �= z2.

Without loss of generality, assume that z1 and z2 are the first and second
positions, respectively.

Let a1, a2, b1, b2, c1, c2, x1, ..., xd−2, y1, ..., yd−2 be the elements of S such that
a1c1x1...xd−2 and b1c1x1...xd−2 are the end vertices of e1, and c2a2y1...yd−2 and
c2b2y1...yd−2 are the end vertices of e2.

For a, b ∈ S, let Hab be the induced subgraph of G whose vertices have the
elements a and b at the positions z1 and z2, respectively. Then for u1, u2, v1, v2 ∈ S
such that u1 �= u2 or v1 �= v2, we have V (Hu1v1) ∩ V (Hu2v2) = φ. For any
a, b ∈ S, Hab is isomorphic to H(d − 2, n). Thus for any a, b ∈ S, we have
κ(Hab) = (d− 2)(n− 1) by Theorem 2.2 and for any distinct vertices u1, u2 ∈ Hab,
there exist (d− 2)(n− 1) id-paths from u1 to u2 in Hab by Theorem 2.3.

For a, b ∈ S and u ∈ NHab
(abx1...xd−2), let Pab be a set of (d − 2)(n − 1)

id-paths from abx1...xd−2 to aby1...yd−2 in Hab, let Pab(1), Pab(2) be two paths of
Pab, let Pab(u) be the path of Pab which contains u, and let Pab′(u) be the path



12

obtained by deleting abx1...xd−2 from Pab(u).
Let sa1c1,1, sa1c1,2, ..., sa1c1,(d−2)(n−1) be the distinct vertices in

NHa1c1
(a1c1x1...xd−2). For any v, w ∈ S, let svw,1, svw,2, ..., svw,(d−2)(n−1) be the dis-

tinct vertices in NHvw(vwx1...xd−2) such that svw,i = rp( rp(sa1c1,i, v, z1) , w, z2),
for i ∈ {1, ..., (d − 2)(n − 1)}. Then for i ∈ {1, ..., (d − 2)(n − 1)} and v1, v2, w1

and w2 in S such that either v1 = v2 or w1 = w2 but not both, sv1w1,i is adjacent
to sv2w2,i.

Case 2.1 : c2 /∈ {a1, b1} and c1 /∈ {a2, b2}.
Let Q1 be the set of the following paths:

a1c1x1...xd−2 ∼ a1a2x1...xd−2 ∼ c2a2x1...xd−2 − Pc2a2(sc2a2,1)− c2a2y1...yd−2;
a1c1x1...xd−2 − Pa1c1(sa1c1,1)− a1c1y1...yd−2 ∼ a1a2y1...yd−2 ∼ c2a2y1...yd−2; and
a1c1x1...xd−2 ∼ sa1c1,i ∼ sa1a2,i ∼ sc2a2,i − Pc2a

′
2(sc2a2,i)− c2a2y1...yd−2,

i ∈ {2, ..., (d− 2)(n− 1)}.
Then Q1 contains (d − 2)(n − 1) + 1 ed-paths whose internal vertices are

in Ha1a2 , Hc2a2 or Ha1c1 .
Let Q2 be the set of the following paths:

b1c1x1...xd−2 ∼ b1b2x1...xd−2 ∼ c2b2x1...xd−2 − Pc2b2(sc2b2,1)− c2b2y1...yd−2;
b1c1x1...xd−2 − Pb1c1(sb1c1,1)− b1c1y1...yd−2 ∼ b1b2y1...yd−2 ∼ c2b2y1...yd−2; and
b1c1x1...xd−2 ∼ sb1c1,i ∼ sb1b2,i ∼ sc2b2,i − Pc2b

′
2(sc2b2,i)− c2b2y1...yd−2,

i ∈ {2, ..., (d− 2)(n− 1)}.
Then Q2 contains (d − 2)(n − 1) + 1 ed-paths whose internal vertices are

in Hb1b2 , Hc2b2 or Hb1c1 .
Let Q3 be the set of the following paths:

a1c1x1...xd−2 ∼ a1b2x1...xd−2 − Pa1b2(1)− a1b2y1...yd−2 ∼ c2b2y1...yd−2;
b1c1x1...xd−2 ∼ b1a2x1...xd−2 − Pb1a2(1)− b1a2y1...yd−2 ∼ c2a2y1...yd−2;
a1c1x1...xd−2 ∼ c2c1x1...xd−2 − Pc2c1(1)− c2c1y1...yd−2 ∼ c2a2y1...yd−2; and
b1c1x1...xd−2 ∼ c2c1x1...xd−2 − Pc2c1(2)− c2c1y1...yd−2 ∼ c2b2y1...yd−2.

Then Q3 contains 4 ed-paths whose internal vertices are in Ha1b2 , Hb1a2 or
Hc2c1 .

Let r1, ..., rn−3 be the distinct elements of S \{a2, b2, c1}. Let Q4 be the set
of the following paths:
a1c1x1...xd−1 ∼ a1rjx1...xd−2−Pa1rj(1)−a1rjy1...yd−2 ∼ c2rjy1...yd−2 ∼ c2a2y1...yd−2;
and
b1c1x1...xd−1 ∼ b1rjx1...xd−2−Pb1rj(1)−b1rjy1...yd−2 ∼ c2rjy1...yd−2 ∼ c2b2y1...yd−2

where j ∈ {1, .., n− 3}.
Then Q4 contains 2(n − 3) ed-paths whose internal vertices are in Ha1rj ,

Hb1rj or Hc2rj for j ∈ {1, .., n− 3}.
Let t1, ..., tn−3 be the distinct elements of S \ {a1, b1, c2}. Let Q5 be the set

of the following paths:
a1c1x1...xd−2 ∼ tjc1x1...xd−2 ∼ tja2x1...xd−2−Ptja2(1)−tja2y1...yd−2 ∼ c2a2y1...yd−2;
and
b1c1x1...xd−2 ∼ tjc1x1...xd−2 ∼ tjb2x1...xd−2−Ptjb2(1)−tjb2y1...yd−2 ∼ c2b2y1...yd−2

where j ∈ {1, .., n− 3}.
Then Q5 contains 2(n − 3) ed-paths whose internal vertices are in Htjc1 ,

Htja2 or Htjb2 for j ∈ {1, .., n− 3} .
Since the internal vertices of the paths in Q1, Q2, Q3, Q4 and Q5 are in dis-

joint induced subgraphs of G, the paths in Q1, Q2, Q3, Q4 and Q5 are edge-disjoint
and they induce (d− 2)(n− 1)+ 1+ (d− 2)(n− 1)+ 1+4+2(n− 3)+ 2(n− 3) =
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2d(n− 1)− 2 id-paths from e1 to e2 in L(G).
Case 2.2 : c2 ∈ {a1, b1} and c1 /∈ {a2, b2}.
Without loss of generality, we assume that c2 = a1.
Let Q1 be the set of the following paths:

a1c1x1...xd−2 ∼ a1a2x1...xd−2 − Pa1a2(sa1a2,1)− a1a2y1...yd−2;
a1c1x1...xd−2 − Pa1c1(sa1c1,1)− a1c1y1...yd−2 ∼ a1a2y1...yd−2; and
a1c1x1...xd−2 ∼ sa1c1,i ∼ sa1a2,i − Pa1a

′
2(sa1a2,i) − a1a2y1...yd−2, i ∈ {2, ..., (d −

2)(n− 1)}.
Then Q1 contains (d − 2)(n − 1) + 1 ed-paths whose internal vertices are

in Ha1a2 or Ha1c1 .
Let Q2 be the set of the following paths:

b1c1x1...xd−2 ∼ b1b2x1...xd−2 ∼ a1b2x1...xd−2 − Pa1b2(sa1b2,1)− a1b2y1...yd−2;
a1c1x1...xd−2 ∼ a1b2x1...xd−2 − Pa1b2(sa1b2,2)− a1b2y1...yd−2;
b1c1x1...xd−2 − Pb1c1(sb1c1,1)− b1c1y1...yd−2 ∼ a1c1y1...yd−2 ∼ a1b2y1...yd−2;
b1c1x1...xd−2 − Pb1c1(sb1c1,2)− b1c1y1...yd−2 ∼ b1b2y1...yd−2 ∼ a1b2y1...yd−2; and
b1c1x1...xd−2 ∼ sb1c1,j ∼ sb1b2,j ∼ sa1b2,j − Pa1b

′
2(sa1b2,j) − a1b2y1...yd−2, j ∈

{3, ..., (d− 2)(n− 1)}.
Then Q2 contains (d − 2)(n − 1) + 2 ed-paths whose internal vertices are

in Hb1c1 , Hb1b2 or Ha1b2 but only a1c1y1...yd−2 ∈ Ha1c1 . However, the paths in Q1

and Q2 are edge-disjoint. Let Q12 = Q1 ∪Q2.
Let t1, ..., tn−2 be the distinct elements of S \ {a1, b1}. Let Q3 be the set of

the following paths:
a1c1x1...xd−2 ∼ tgc1x1...xd−2 ∼ tga2x1...xd−2−Ptga2(1)−tga2y1...yd−2 ∼ a1a2y1...yd−2;
b1c1x1...xd−2 ∼ tgc1x1...xd−2 ∼ tgb2x1...xd−2−Ptgb2(1)−tgb2y1...yd−2 ∼ a1b2y1...yd−2;
and
b1c1x1...xd−2 ∼ b1a2x1...xd−2−Pb1a2(1)−b1a2y1...yd−2 ∼ a1a2y1...yd−2, g ∈ {1, ..., n−
2}.

Then Q3 contains 2(n−2)+1 ed-paths whose internal vertices are in Htgc1 ,
Htga2 , Htgb2 or Hb1a2 for g ∈ {1, ..., n− 2}.

Let r1, ..., rn−3 be the distinct elements of S \{a2, b2, c1}. Let Q4 be the set
of the following paths:
a1c1x1...xd−2 ∼ a1rqx1...xd−2 − Pa1rq(1)− a1rqy1...yd−2 ∼ a1a2y1...yd−2; and
b1c1x1...xd−2 ∼ b1rqx1...xd−2−Pb1rq(1)−b1rqy1...yd−2 ∼ a1rqy1...yd−2 ∼ a1b2y1...yd−2,
q ∈ {1, ..., n− 3}.

Then Q4 contains 2(n− 3) ed-paths whose internal vertices are in Ha1rq or
Hb1rq for q ∈ {1, ..., n− 3}.

Since the internal vertices of the paths in Q12, Q3 and Q4 are in disjoint
induced subgraphs of G. Thus the paths in Q12, Q3 and Q4 are edge-disjoint and
they induce (d−2)(n−1)+1+(d−2)(n−1)+2+2(n−2)+1+2(n−3) = 2d(n−1)−2
id-paths from e1 to e2 in L(G).

Case 2.3 : c2 /∈ {a1, b1} and c1 ∈ {a2, b2}.
Similar to Case 2.2 .
Case 2.4 : c2 ∈ {a1, b1} and c1 ∈ {a2, b2}.
Without loss of generality, we assume that a1 = c2 and a2 = c1. Then

Pa1a2 contains (d− 2)(n− 1) paths in Ha1a2 .
Let Q1 be the set of the following paths:

b1a2x1...xd−2 ∼ b1b2x1...xd−2 − Pb1b2(sb1b2,1)− b1b2y1...yd−2 ∼ a1b2y1...yd−2;
b1a2x1...xd−2 − Pb1a2(sb1a2,1)− b1a2y1...yd−2 ∼ a1a2y1...yd−2;
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a1a2x1...xd−2 ∼ a1b2x1...xd−2 − Pa1b2(sa1b2,1)− a1b2y1...yd−2; and
b1a2x1...xd−2 ∼ sb1a2,i ∼ sb1b2,i ∼ sa1b2,i−Pa1b

′
2(sa1b2,i)−a1b2y1...yd−2, i ∈ {2, ..., (d−

2)(n− 1)}.
Then Q1 contains 1+1+1+(d−2)(n−1)−1 = (d−2)(n−1)+2 ed-paths

whose internal vertices are in Hb1b2 , Hb1a2 or Ha1b2 .
Let r1, ..., rn−2 be the distinct elements of S \ {a2, b2}. Let Q2 be the set of

the following paths:
a1a2x1...xd−2 ∼ a1rjx1...xd−2 − Pa1rj(1)− a1rjy1...yd−2 ∼ a1a2y1...yd−2; and
b1a2x1...xd−2 ∼ b1rjx1...xd−2−Pb1rj(1)−b1rjy1...yd−2 ∼ a1rjy1...yd−2 ∼ a1b2y1...yd−2

where j ∈ {1, ..., n− 2}.
Then Q2 contains 2(n− 2) ed-paths whose internal vertices are in Ha1rj or

Hb1rj for j ∈ {1, ..., n− 2}.
Let t1, ..., tn−2 be the distinct elements of S \ {a1, b1}. Let Q3 be the set of

the following paths:
a1a2x1...xd−2 ∼ tja2x1...xd−2 − Ptja2(1)− tja2y1...yd−2 ∼ a1a2y1...yd−2; and
b1a2x1...xd−2 ∼ tja2x1...xd−2 ∼ tjb2x1...xd−2−Ptjb2(1)−tjb2y1...yd−2 ∼ a1b2y1...yd−2

where j ∈ {1, ..., n− 2}.
Then Q3 contains 2(n− 2) ed-paths whose internal vertices are in Htja2 or

Htjb2 for j ∈ {1, ..., n− 2}.
Since the internal vertices of the paths in Pa1a2, Q1, Q2 and Q3 are in dis-

joint induced subgraphs of G. Thus the paths in Pa1a2, Q1, Q2 and Q3 are edge-
disjoint and they induce (d− 2)(n− 1)+ (d− 2)(n− 1)+2+2(n− 2)+2(n− 2) =
2d(n− 1)− 2 id-paths from e1 to e2 in L(G).

The next theorem is the characterization of the graphs whose line graphs
are Hamming graphs.

Theorem 3.6. Let G be a graph where L(G) is a Hamming graph different from
K3. Then L(G) is H(1, n) or H(2, n) for some positive integer n. Moreover, G is
K1,n if L(G) is H(1, n) and G is Kn,n if L(G) is H(2, n).

Proof. Let L(G) be H(d, n) for some positive integers d and n where H(d, n) �=
H(1, 3).
Case 1: n = 1. L(G) is the empty graph with one vertex. Hence G is K1,1.
Case 2: n ≥ 2. Let S = {1, 2, ..., n} be the alphabet set of this Hamming graph.

Case 2.1: d ≥ 3. Let x1, ..., xd−3 ∈ S then 111x1...xd−3, 211x1...xd−3,
121x1...xd−3, 112x1...xd−3 are the vertices which induced K1,3 in L(G). By Theo-
rem 2.9, this case does not occur.

Case 2.2: d = 1. L(G) is a complete graph different from K3. Hence, G
is K1,n by Theorem 2.8.

Case 2.3: d = 2. Let H = L(G). Observe that the induced subgraphs
H[{11, 12, ..., 1n}], H[{21, 22, ..., 2n}],...,H[{n1, n2, ..., nn}], H[{11, 21, ..., n1}],
H[{12, 22, ..., n2}] ,...,H[{1n, 2n, ..., nn}] are all of the cliques of L(G).
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Figure 12 : Induced subgraphs H[{11, 12, 13, 14, 15}] and H[{11, 21, 31, 41, 51}]
in L(G) when n = 5

Moreover, each vertex of L(G) is in exactly two cliques and each edge of
L(G) is in exactly one clique.

Figure 13 : The vertex 12 is in H[{11, 12, 13, 14, 15}] and H[{12, 22, 32, 42, 52}]
and the edge from 12 to 13 is in H[{11, 12, 13, 14, 15}] in L(G) when
n = 5

Hence these cliques form the Krauz partition of L(G) and these cliques are
induced by the stars at the vertices in G by Theorem 2.10. For i ∈ S, let ui be
the vertex in G whose star induce H[{i1, i2, ..., in}] and let vi be the vertex in G
whose star induce H[{1i, 2i, ..., ni}].

L(G) G

L(G) G

Figure 14 : The stars of ui and vi inG induceH[{i1, i2, ..., i5}] andH[{1i, 2i, ..., 5i}]
in L(G), respectively, when n = 5
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Then for each i, j ∈ S, the edge ij in G (which induce the vertex ij in
L(G)) has ui and vj as the end vertices.

L(G) G

Figure 15 : When n = 5, the vertex 12 in L(G) is in H[{11, 12, 13, 14, 15}] and
H[{12, 22, 32, 42, 52}]. Therefore the edge 12 in G is in the stars of u1

and v2. Thus, u1 and v2 are the end vertices of the edge 12 in G.

Therefore, ui is not adjacent to uj and vi is not adjacent to vj for all distinct
i and j in S, but ui are adjacent to vj for all i, j ∈ S. Hence, G is bipartite with
bipartition ({u1, ..., un}, {v1, ..., vn}) and so G is Kn,n as required.

The last theorem for this chapter is the result on the chromatic numbers
of line graphs of Hamming graphs.

Theorem 3.7. Let G be a Hamming graph H(d, n) with degree k = d(n − 1).
Then χ(L(G)) = χ1(G) = k if n is even; otherwise, χ(L(G)) = χ1(G) = k + 1.

Proof. If n is odd, then |V (G)| = nd which is odd. Therefore, G has no 1-factor.
That is G is not 1-factorable. Thus χ1(G) = k + 1 by Theorem 2.12 and 2.11.

Now assume that n is even. For each i ∈ {1, ..., d}, let Gi be the spanning
subgraph of G whose vertices are adjacent when they differ exactly at position i.

G1 G2

Figure 16 : The spanning subgraphs G1 and G2 of G when G is H(2, 4)

Observe that Gi has n
d−1 components and each component is a clique in G

which is isomorphic to Kn. Since n is even, each component above is 1-factorable
by Theorem 2.13, and, thus, Gi is 1-factorable for each i ∈ {1, ..., d}. Since any
two cliques in G have no common edge, Gi and Gj have no common edge for all
i �= j. Thus, G is 1-factorable and χ1(G) = k by Theorem 2.12.
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Chapter 4

Line graphs of Johnson graphs

In this chapter we present the results on the connectivity of line graphs
of Johnson graphs. In addition we characterize the graphs whose line graphs are
Johnson graphs. Since J(n,m) is isomorphic to J(n, n−m) [3, p 180], throughout
this chapter we consider only the Johnson graphs J(n,m) with n ≥ 2m.

Note that a Johnson graphs J(n, 1) is the complete graph Kn, so its line
graph has connectivity 2(n − 1) − 2 by Theorem 3.4. Now we consider the con-
nectivity of line graph of Johnson graphs J(n,m) with m ≥ 2. We start with the
case m = 2.

Lemma 4.1. Let G be a Johnson graph J(n, 2) with degree k = 2(n− 2). Then
κ(L(G)) = 2k − 2.

Proof. Observe that n ≥ 4. Let S be the alphabet set of this Johnson graph.
Let e1 and e2 be two distinct edges in G. Then e1 and e2 are two distinct

vertices in L(G). By Theorem 2.3 and Lemma 3.2, to show that κ(L(G)) = 2k−2
it suffices to display 2k − 2 id-paths from e1 to e2 in L(G).

If e1 and e2 are adjacent, then there exist 2k − 2 id-paths from e1 to e2
in L(G) by Lemma 3.3. We may now suppose that e1 and e2 are not adjacent.
Since ed-paths from the end vertices of e1 to the end vertices of e2 in G induce
e1 − e2 id-paths in L(G), to finish the proof it suffices to display 2k− 2 = 4n− 10
ed-paths from the end vertices of e1 to the end vertices of e2 in G.

Let a1, b1, c1, a2, b2 and c2 be the elements of S such that {a1, c1} and {b1, c1}
are the end vertices of e1, and {a2, c2} and {b2, c2} are the end vertices of e2.

Case 1 : c1 = c2.
Since e1 and e2 are not adjacent, the elements a1, b1, a2, b2 are mutually

distinct. Let S ′ = S \ {a1, b1, a2, b2, c1}, then |S ′| = n − 5. The 4n − 10 required
paths are:
{a1, c1}, {a2, c1};
{a1, c1}, {b2, c1};
{b1, c1}, {a2, c1};
{b1, c1}, {b2, c1};
{a1, c1}, {a1, b2}, {b2, c1};
{a1, c1}, {a1, a2}, {a2, c1};
{b1, c1}, {b1, a2}, {a2, c1};

{b1, c1}, {b1, b2}, {b2, c1};
{a1, c1}, {a1, b1}, {a1, a2}, {a2, b2}, {a2, c1};
{b1, c1}, {a1, b1}, {b1, b2}, {a2, b2}, {b2, c1};
{a1, c1}, {x, c1}, {a2, c1};
{b1, c1}, {x, c1}, {b2, c1};
{a1, c1}, {a1, x}, {a2, x}, {a2, c1};
{b1, c1}, {b1, x}, {b2, x}, {b2, c1}

where x ∈ S ′.
Case 2 : c1 �= c2.
Case 2.1 : c1 ∈ {a2, b2} or c2 ∈ {a1, b1}.
Without loss of generality, let c1 = a2. Then c2 /∈ {a1, b1} since e1 and e2

are not adjacent.
Case 2.1.1 : b2 /∈ {a1, b1}.
Then a1, b1, a2, b2 and c2 are mutually distinct. Let S ′ = S\{a1, b1, a2, b2, c2}.

Then |S ′| = n− 5. The 4n− 10 required paths are:
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{a1, a2}, {a2, c2};
{b1, a2}, {a2, c2};
{a1, a2}, {a1, c2}, {a2, c2};
{a1, a2}, {a1, b2}, {b2, c2};
{a1, a2}, {a2, b2}, {a2, c2};
{b1, a2}, {a2, b2}, {b2, c2};
{a1, a2}, {a1, b1}, {a1, c2}, {b2, c2};

{b1, a2}, {a1, b1}, {b1, c2}, {a2, c2};
{b1, a2}, {b1, c2}, {b2, c2};
{b1, a2}, {b1, b2}, {b2, c2};
{a1, a2}, {a2, x}, {a2, c2};
{a1, a2}, {a1, x}, {c2, x}, {a2, c2};
{b1, a2}, {a2, x}, {c2, x}, {b2, c2};
{b1, a2}, {b1, x}, {b2, x}, {b2, c2}

where x ∈ S ′.
Case 2.1.2 : b2 ∈ {a1, b1}.
Without loss of generality, let b2 = a1. Then a1, b1, a2 and c2 are mutually

distinct. Let S ′ = S \ {a1, b1, a2, c2}. Then |S ′| = n − 4. The 4n − 10 required
paths are:
{a1, a2}, {a1, c2};
{a1, a2}, {a2, c2};
{b1, a2}, {a2, c2};
{a1, a2}, {a1, b1}, {a1, c2};
{b1, a2}, {b1, c2}, {a2, c2};

{b1, a2}, {a1, b1}, {b1, c2}, {a1, c2};
{a1, a2}, {a1, x}, {a1, c2};
{b1, a2}, {a2, x}, {a2, c2};
{a1, a2}, {a2, x}, {c2, x}, {a1, c2};
{b1, a2}, {b1, x}, {c2, x}, {a2, c2}

where x ∈ S ′.
Case 2.2 : c1 /∈ {a2, b2} and c2 /∈ {a1, b1}.
Case 2.2.1 : {a1, b1} = {a2, b2}.
Without loss of generality, let a1 = a2 and b1 = b2. Then a1, b1, c1 and c2

are mutually distinct. Let S ′ = S \ {a1, b1, c1, c2}. Then |S ′| = n− 4. The 4n− 10
required paths are:
{a1, c1}, {a1, c2};
{b1, c1}, {b1, c2};
{a1, c1}, {c1, c2}, {a1, c2};
{b1, c1}, {c1, c2}, {b1, c2};
{a1, c1}, {a1, b1}, {a1, c2};

{b1, c1}, {a1, b1}, {b1, c2};
{a1, c1}, {a1, x}, {a1, c2};
{b1, c1}, {b1, x}, {b1, c2};
{a1, c1}, {c1, x}, {c2, x}, {a1, c2};
{b1, c1}, {c1, x}, {c1, c2}, {c2, x}, {b1, c2}

where x ∈ S ′.
Case 2.2.2 : |{a1, b1} ∩ {a2, b2}| = 1.
Without loss of generality, let a1 = a2. Then a1, b1, b2, c1 and c2 are mu-

tually distinct. Let S ′ = S \ {a1, b1, b2, c1, c2}. Then |S ′| = n − 5. The 4n − 10
required paths are:
{a1, c1}, {a1, c2};
{b1, c1}, {b2, c2};
{a1, c1}, {a1, b2}, {a1, c2};
{b1, c1}, {b1, c2}, {b2, c2};
{b1, c1}, {c1, b2}, {b2, c2};
{a1, c1}, {a1, b1}, {a1, c2};
{a1, c1}, {c1, c2}, {a1, c2};

{b1, c1}, {c1, c2}, {b2, c2};
{a1, c1}, {c1, b2}, {a1, b2}, {b2, c2};
{b1, c1}, {a1, b1}, {b1, c2}, {a1, c2};
{a1, c1}, {a1, x}, {a1, c2};
{b1, c1}, {b1, x}, {b2, x}, {b2, c2};
{a1, c1}, {c1, x}, {c2, x}, {b2, c2};
{b1, c1}, {c1, x}, {c1, c2}, {c2, x}, {a1, c2}

where x ∈ S ′.
Case 2.2.3 : {a1, b1} ∩ {a2, b2} = φ.
Then a1, b1, a2, b2, c1 and c2 are mutually distinct. Let S ′ = S\{a1, b1, a2, b2, c1, c2}.

Then |S ′| = n− 6. The 4n− 10 required paths are:
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{a1, c1}, {a1, a2}, {a2, c2};
{a1, c1}, {c1, a2}, {a2, c2};
{a1, c1}, {a1, b2}, {b2, c2};
{a1, c1}, {c1, c2}, {a2, c2};
{a1, c1}, {a1, c2}, {a2, c2};
{a1, c1}, {c1, b2}, {a2, b2}, {a2, c2};
{a1, c1}, {a1, b1}, {a1, c2}, {b2, c2};
{b1, c1}, {b1, a2}, {a2, c2};
{b1, c1}, {b1, b2}, {b2, c2};

{b1, c1}, {c1, b2}, {b2, c2};
{b1, c1}, {c1, c2}, {b2, c2};
{b1, c1}, {b1, c2}, {a2, c2};
{b1, c1}, {c1, a2}, {a2, b2}, {b2, c2};
{b1, c1}, {a1, b1}, {b1, c2}, {b2, c2};
{a1, c1}, {a1, x}, {a2, x}, {a2, c2};
{b1, c1}, {b1, x}, {b2, x}, {b2, c2};
{a1, c1}, {c1, x}, {c2, x}, {a2, c2};
{b1, c1}, {c1, x}, {c1, c2}, {c2, x}, {b2, c2}

where x ∈ S ′.

Lemma 4.2. Let G be a Johnson graph J(n,m) with degree k = m(n−m) where
m ≥ 3. Then κ(L(G)) = 2k − 2.

Proof. We will induct on n+m. By Proposition 3.4, Lemma 3.3 and Lemma 4.1,
we obtain the result for Johnson graphs J(n,m) with n + m ∈ {3, 4, 5, 6, 7, 8}.
Now suppose n+m ≥ 9. Since n ≥ 2m, we have n−m ≥ 3.

Let S be the alphabet set of this Johnson graph. Let e1 and e2 be two dis-
tinct edges in G. Then e1 and e2 are two distinct vertices in L(G). By Theorem
2.3 and Lemma 3.2, to show that κ(L(G)) = 2k − 2 it suffices to display 2k − 2
id-paths from e1 to e2 in L(G).

If e1 and e2 are adjacent, then there exist 2k − 2 id-paths from e1 to e2 in
L(G) by Lemma 3.3. We may now suppose that e1 and e2 are not adjacent.

Observe that the degree of e1 and e2 in L(G) is 2k − 2 which equals the
number of e1− e2 id-paths in L(G) which we have to find. Therefore, to finish the
proof it suffices to display disjoint paths from all neighbors of e1 to all neighbors
of e2 in L(G).

For distinct a1, ..., ah, b1, ..., bp ∈ S with h ≤ m, let Aa1...ahb̄1...b̄p be the
induced subgraphs of J(n,m) whose vertices contain a1, ..., ah but do not contain
b1, ..., bp. Then we have Aa1...ahb̄1...b̄p ∼= J(n − h − p,m − h). By the inductive
hypothesis, we have κ(L(Aa1...ahb̄1...b̄p)) = 2(m− h)(n−m− p)− 2.

Let a, b, c, d, x0, ..., xm−2, y0, ..., ym−2 be the elements of S such that
{a, x0, ..., xm−2} and {b, x0, ..., xm−2} are the end vertices of e1 and {c, y0, ..., ym−2}
and {d, y0, ..., ym−2} are the end vertices of e2. Let z0, ..., zn−m−2 be the distinct
elements in S \ {a, b, x0, ..., xm−2} and Let w0, ..., wn−m−2 be the distinct elements
in S \ {c, d, y0, ..., ym−2}.

Case 1 : {a, b} ∩ {c, d} �= φ.
Without loss of generality, assume that a = c. In the table below we de-

fine some subsets Ea,Eā, Eab, Eāb̄, Ea2, Eā2, Fa, F ā, Fab, F āb̄, Fa2 and F ā2 of
V (L(G)) by specifying their members:

Set vertices in L(G) induced by the edges in G that join
the vertices to the vertices

Ea {a, x0, ..., xm−2} {a, x0, ..., xm−2, zj} \ {xi} and
{a, b, x0, ..., xm−2} \ {xi}

Eā {b, x0, ..., xm−2} {b, x0, ..., xm−2, zj} \ {xi} and
{x0, ..., xm−2, zj}

Eab {b, x0, ..., xm−2} {a, b, x0, ..., xm−2} \ {xi}
Eāb̄ {a, x0, ..., xm−2} {x0, ..., xm−2, zj}
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Set vertices in L(G) induced by the edges in G that join
the vertices to the vertices

Ea2 {a, b, x0, ..., xm−2} \ {xi} {a, x0, ..., xm−2, z0} \ {xi}
Eā2 {x0, ..., xm−2, zj} {b, x0, ..., xm−3, zj}
Fa {a, y0, ..., ym−2} {a, y0, ..., ym−2, wj} \ {yi} and

{a, d, y0, ..., ym−2} \ {yi}
F ā {d, y0, ..., ym−2} {d, y0, ..., ym−2, wj} \ {yi} and

{y0, ..., ym−2, wj}
Fab {d, y0, ..., ym−2} {a, d, y0, ..., ym−2} \ {yi}
F āb̄ {a, y0, ..., ym−2} {y0, ..., ym−2, wj}
Fa2 {a, d, y0, ..., ym−2} \ {yi} {a, y0, ..., ym−2, w0} \ {yi}
F ā2 {y0, ..., ym−2, wj} {d, y0, ..., ym−3, wj}
where i ∈ {0, 1, ...,m− 2} and j ∈ {0, 1, ..., n−m− 2}.
Table 1 : The sets Ea,Eā, Eab, Eāb̄, Ea2, Eā2, Fa, F ā, Fab, F āb̄, Fa2 and F ā2

The neighbors of e1 in L(G) are the vertices in Ea ∪ Eā ∪ Eab ∪ Eāb̄ and
the neighbors of e2 in L(G) are the vertices in Fa ∪ F ā ∪ Fab ∪ F āb̄.

Figure 17 : The edges in G which induce the neighbors of e1 and e2 in L(G)

To get disjoint paths between all neighbors of e1 and all neighbors of e2 in
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L(G), we will display a set of disjoint paths and extend them, if necessary, via a
certain matching to get the required paths.

By construction, there is a matching in L(G) that matches the vertices in
Eab,Eāb̄, Fab and F āb̄ to the vertices in Ea2, Eā2, Fa2 and F ā2, respectively.
Let P = (Eab ∪ Eāb̄) ∩ (Fab ∪ F āb̄).

Figure 18 : The vertices in P

If P is not empty, then the vertices in P are common neighbors of e1 and
e2 in L(G), and so we can view P as a set of trivial paths from neighbors of e1 to
neighbors of e2. Let Ea− be the vertices in Ea2 ∪ Eā2 which are matched to the
vertices in P and let Fa− be the vertices in Fa2 ∪ F ā2 which are matched to the
vertices in P . We now display disjoint paths from all the vertices in (Ea ∪Ea2 ∪
Eā ∪ Eā2) \ Ea− to all the vertices in (Fa ∪ Fa2 ∪ F ā ∪ F ā2) \ Fa−. Note that
the vertices in Ea, Ea2, Fa and Fa2 are in L(Aa) and the vertices in Eā, Eā2,
F ā and F ā2 are in L(Aā).

Since |(Ea∪Ea2)\Ea−| = |(Fa∪Fa2)\Fa−| ≤ (m−1)(n−m−1)+2(m−
1) = (m−1)(n−m+1) = (m−1)(n−m)+(m−1) ≤ (m−1)(n−m)+3(m−1)−2 ≤
(m−1)(n−m)+(m−1)(n−m)−2 = 2(m−1)(n−m)−2 = κ(L(Aa)), by Theorem
2.5, there exist disjoint paths in L(Aa) from all vertices in (Ea ∪ Ea2) \ Ea− to
all vertices in (Fa ∪ Fa2) \ Fa−. Let Pa be the set of these disjoint paths.

Since |(Eā ∪ Eā2) \ Ea−| = |(F ā ∪ F ā2) \ Fa−| ≤ (m − 1)(n −m − 1) +
2(n−m− 1) = m(n−m− 1)+ (n−m− 1) ≤ m(n−m− 1)+ 3(n−m− 1)− 2 ≤
m(n−m− 1)+m(n−m− 1)− 2 = 2m(n−m− 1)− 2 = κ(L(Aā)). By Theorem
2.5, there exist disjoint paths in L(Aā) from all vertices in (Eā ∪ Eā2) \ Ea− to
all vertices in (F ā ∪ F ā2) \ Fa−. Let P ā be the set of these disjoint paths.

Therefore, the paths in Pa∪P ā are paths from the vertices in (Ea∪Ea2∪
Eā ∪ Eā2) \ Ea− to the vertices in (Fa ∪ Fa2 ∪ F ā ∪ F ā2) \ Fa−. Among these
paths, only the vertices in (Ea2 ∪ Eā2) \ Ea− are the end of the paths that do
not begin at neighbors of e1, and only the vertices in (Fa2 ∪ F ā2) \ Fa− are the
end of the paths that do not end at neighbors of e2. Extend the paths via the
above matching to get paths from neighbors of e1 to neighbors of e2. The paths
in Pa ∪ P ā with the extension together with the paths in P are paths from all
neighbors of e1 to all neighbors of e2 in L(G).
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Figure 19 : The paths from all neighbors of e1 to all neighbors of e2 in L(G)

Finally we show that the above paths are disjoint. By construction and the
definition of P , the vertices extended via the matching (the vertices in Eab, Eāb̄,
Fab, and F āb̄ which are not in P ) are all distinct and they are disjoint from the
vertices in P . Moreover, the extended vertices and the vertices in P are in neither
L(Aa) nor L(Aā), but the disjoint paths in Pa and P ā are in disjoint induced
subgraphs L(Aa) and L(Aā), respectively. Therefore the specified paths from all
neighbors of e1 to all neighbors of e2 in L(G) are disjoint as required.

Case 2 : {a, b} ∩ {c, d} = φ but {x0, ..., xm−2} ∩ {y0, ..., ym−2} �= φ.
Without loss of generality, assume that xm−2 = ym−2. Then we have that

e1 and e2 are in Axm−2. By the inductive hypothesis and Theorem 2.3, there exist
2(m− 1)(n−m)− 2 = κ(L(Axm−2)) id-paths from e1 to e2 in L(Axm−2).

Figure 20 : 2(m− 1)(n−m)− 2 id-paths in L(Axm−2) from e1 to e2 in L(G)

Note that these paths contain all neighbors of e1 and e2 in L(Axm−2). To
finish this case, we will display disjoint paths between all neighbors of e1 and all
neighbors of e2 in L(G) \ L(Axm−2). To do this, we will display a set of disjoint
paths in L(Ax̄m−2) and extend them via a certain matching to get the required
paths.

In the table below we define some subsets Exa,Exab, Exb, Ex̄2, Ex̄3, Ex̄4,
Fxa, Fxab, Fxb, F x̄2, F x̄3 and Fx̄4 of V (L(G)) by specifying their members:
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Set vertices in L(G) induced by the edges in G that join
the vertices to the vertices

Exa {a, x0, ..., xm−2} {a, x0, ..., xm−3, zj}
Exab {a, x0, ..., xm−2} and {b, x0, ..., xm−2} {a, b, x0, ..., xm−3}
Exb {b, x0, ..., xm−2} {b, x0, ..., xm−3, zj}
Ex̄2 {a, x0, ..., xm−3, zj} {b, x0, ..., xm−3, zj}
Ex̄3 {a, b, x0, ..., xm−3} {a, x0, ..., xm−3, zg} ; g ∈ {0, 1}
Ex̄4 {b, x0, ..., xm−3, zj} {a, b, x0, ..., xm−3}
Fxa {c, y0, ..., ym−2} {c, y0, ..., ym−3, wj}
Fxab {c, y0, ..., ym−2} and {d, y0, ..., ym−2} {c, d, y0, ..., ym−3}
Fxb {d, y0, ..., ym−2} {d, y0, ..., ym−3, wj}
Fx̄2 {c, y0, ..., ym−3, wj} {d, y0, ..., ym−3, wj}
Fx̄3 {c, d, y0, ..., ym−3} {c, y0, ..., ym−3, wg} ; g ∈ {0, 1}
Fx̄4 {d, y0, ..., ym−3, wj} {c, d, y0, ..., ym−3}
where i ∈ {0, 1, ...,m− 2} and j ∈ {0, 1, ..., n−m− 2}.
Table 2 : The sets Exa,Exab, Exb, Ex̄2, Ex̄3, Ex̄4, Fxa, Fxab, Fxb, F x̄2, F x̄3

and Fx̄4
The neighbors of e1 in L(G)\L(Axm−2) are the vertices in Exa∪Exab∪Exb

and the neighbors of e2 in L(G) \L(Axm−2) are the vertices in Fxa∪Fxab∪Fxb.

Figure 21 : The edges in G which induce the neighbors of e1 and e2 in
L(G) \ L(Axm−2)
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By construction, there is a matching in L(G) that matches the vertices in
Exa,Exab, Exb, Fxa, Fxab and Fxb to the vertices in Ex̄2, Ex̄3, Ex̄4, F x̄2, F x̄3
and Fx̄4, respectively.

Figure 22 : The edges in G which induce the vertices in Ex̄2, Ex̄3, Ex̄4, F x̄2, F x̄3
and Fx̄4

Let ExT = Ex̄2 ∪ Ex̄3 ∪ Ex̄4 and FxT = Fx̄2 ∪ Fx̄3 ∪ Fx̄4.
We now display disjoint paths in L(Ax̄m−2) from all vertices in ExT to all

vertices in FxT . Note that the vertices in ExT and FxT are in L(Ax̄m−2). Since
|ExT | = |FxT | = 2(n−m) ≤ 4(n−m−1)−2 ≤ 2m(n−m−1)−2 = κ(L(Ax̄m−2)),
by Theorem 2.5, there exist 2(n−m) disjoint paths in L(Ax̄m−2) from all vertices
in ExT to all vertices in FxT . Let Px̄ be the set of these paths.
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Figure 23 : Disjoint paths in Px̄

Extend the paths in Px̄ via the above matching to get the paths from all
neighbors of e1 to all neighbors of e2 in L(G) \ L(Axm−2). Finally we show that
the extended paths are disjoint.

By construction the vertices extended via the matching (all neighbors of e1
and e2 in L(G) \ L(Axm−2)) are distinct and are in L(G) \ L(Axm−2) but not in
L(Ax̄m−2), but the disjoint paths in Px̄ are in L(Ax̄m−2). Therefore the extended
paths from all neighbors of e1 to all neighbors of e2 in L(G)\L(Axm−2) are disjoint
as required.

Case 3 : {a, b} ∩ {c, d} = φ and {x0, ..., xm−2} ∩ {y0, ..., ym−2} = φ.
Case 3.1 : {a, b, c, d, x0, ..., xm−2, y0, ..., ym−2} �= S.
Let z ∈ S \ {a, b, c, d, x0, ..., xm−2, y0, ..., ym−2}. Then the edges e1 and e2

are in Az̄. By the inductive hypothesis and Theorem 2.3, there exist 2m(n−m−
1)− 2 = κ(L(Az̄)) id-paths from e1 to e2 in L(Az̄). Note that these paths contain
all the neighbors of e1 and e2 in L(Az̄). To finish this case, we will display disjoint
paths between the neighbors of e1 and the neighbors of e2 in L(G) \L(Az̄). To do
this we will display a set of disjoint paths in L(Az) and extend them via a certain
matching to get the required paths.

In the table below we define some subsets Eza,Ezāb̄, Ezb, Ez2, Ez3, Ez4,
F za, Fzāb̄, Fzb, Fz2, F z3 and Fz4 of V (L(G)) by specifying their members:

Set vertices in L(G) induced by the edges in G that join
the vertices to the vertices

Eza {a, x0, ..., xm−2} {a, x0, ..., xm−2, z} \ {xi}
Ezāb̄ {a, x0, ..., xm−2} and {b, x0, ..., xm−2} {x0, ..., xm−2, z}
Ezb {b, x0, ..., xm−2} {b, x0, ..., xm−2, z} \ {xi}
Ez2 {a, x0, ..., xm−2, z} \ {xi} {b, x0, ..., xm−2, z} \ {xi}
Ez3 {x0, ..., xm−2, z} {a, x0, ..., xm−2, z} \ {x0} and

{a, x0, ..., xm−2, z} \ {x1}
Ez4 {b, x0, ..., xm−2, z} \ {xi} {x0, ..., xm−2, z}
Fza {c, y0, ..., ym−2} {c, y0, ..., ym−2, z} \ {yi}
Fzāb̄ {c, y0, ..., ym−2} and {d, y0, ..., ym−2} {y0, ..., ym−2, z}
Fzb {d, y0, ..., ym−2} {d, y0, ..., ym−2, z} \ {yi}
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Set vertices in L(G) induced by the edges in G that join
the vertices to the vertices

Fz2 {c, y0, ..., ym−2, z} \ {yi} {d, y0, ..., ym−2, z} \ {yi}
Fz3 {y0, ..., ym−2, z} {c, y0, ..., ym−2, z} \ {y0} and

{c, y0, ..., ym−2, z} \ {y1}
Fz4 {d, y0, ..., ym−2, z} \ {yi} {y0, ..., ym−2, z}
where i ∈ {0, 1, ...,m− 2}.
Table 3 : The sets Eza,Ezāb̄, Ezb, Ez2, Ez3, Ez4, F za, Fzāb̄, Fzb, Fz2, F z3 and

Fz4

The neighbors of e1 in L(G) \ L(Az̄) are the vertices in Eza ∪ Ezāb̄ ∪
Ezb and the neighbors of e2 in L(G) \ L(Az̄) are the vertices in Fza ∪ Fzāb̄ ∪
Fzb. By construction, there is a matching in L(G) that matches the vertices in
Eza,Ezāb̄, Ezb, Fza, Fzāb̄ and Fzb to the vertices in Ez2, Ez3, Ez4, F z2, F z3
and Fz4, respectively. Let EzT = Ez2∪Ez3∪Ez4 and FzT = Fz2∪Fz3∪Fz4.

We now display disjoint paths in L(Az) from all vertices in EzT to all
vertices in FzT . Note that the vertices in EzT and FzT are in L(Az). Since
|EzT | = |FzT | = (m−1)+2+(m−1) = 2m ≤ 2(m−1)+4−2 ≤ 2(3)(m−1)−2 ≤
2(m−1)(n−m)−2 = κ(L(Az)), by Theorem 2.5, there exist 2m disjoint paths in
L(Az) from all vertices in EzT to all vertices in FzT . Let Pz be the set of these
paths. Extend the paths in Pz via the above matching to get the paths from all
neighbors of e1 to all neighbors of e2 in L(G) \ L(Az̄).

Finally we show that the extended paths are disjoint. By construction the
vertices extended via the matching (all neighbors of e1 and e2 in L(G) \ L(Az̄))
are distinct and they are in L(G)\L(Az̄) but not in L(Az), but the disjoint paths
in Pz are in L(Az). Therefore the extended paths from all neighbors of e1 to all
neighbors of e2 in L(G) \ L(Az̄) are disjoint as required.

Case 3.2 : {a, b, c, d, x0, ..., xm−2, y0, ..., ym−2} = S.
Case 3.2.1 : {a, b} ∩ {y0, ..., ym−2} = φ and {c, d} ∩ {x0, ..., xm−2} = φ.
Then n = 2m+2, {z0, ..., zn−m−2} = {c, d, y0, ..., ym−2} and {w0, ..., wn−m−2}

= {a, b, x0, ..., xm−2}. Without loss of generality, let z0 = c, z1 = d, w0 = a, w1 = b,
and for i ∈ {2, ..., n−m− 2}, let zi = yi−2 and wi = xi−2. Then e2 is a vertex in
L(Aā). Therefore it has 2m(n −m − 1) − 2 neighbors in L(Aā). Let F ā be the
set of these neighbors.

Let ⊕ be the addition modulom−1. In the table below we define some sub-
sets Ea1, Ea2, Ea3, Eb1, Eb2, Ea11, Ea12, Ea.b21, Ea31, Ea111, Ea121, Fa1, Fa2,
Fa3, Fa11, Fa21, Fa31, Fa111, Fa211, Fa311 and Fa312 of V (L(G)) by specify-
ing their members:

Set vertices in L(G) induced by the edges in G that join
the vertices to the vertices

Ea1 {a, x0, ..., xm−2} {a, x0, ..., xm−2, zj} \ {xi}
Ea2 {a, x0, ..., xm−2} {a, b, x0, ..., xm−2} \ {xi}
Ea3 {a, x0, ..., xm−2} {x0, ..., xm−2, zj}
Eb1 {b, x0, ..., xm−2} {b, x0, ..., xm−2, zj} \ {xi}

and {x0, ..., xm−2, zj}
Eb2 {b, x0, ..., xm−2} {a, b, x0, ..., xm−2} \ {xi}
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Set vertices in L(G) induced by the edges in G that join
the vertices to the vertices

Ea11 {a, x0, ..., xm−2, z0} \ {x0} and {a, b, x0, ..., xm−2, z0} \ {x0, x1} and
{a, x0, ..., xm−2, z1} \ {x0} {a, b, x0, ..., xm−2, z1} \ {x0, x1}

Ea12 {a, x0, ..., xm−2, zj} \ {xi} {x0, ..., xm−2, zj, zj⊕1} \ {xi}
except when i = 0 and j ∈ {0, 1} except when i = 0 and j ∈ {0, 1}

Ea31 {x0, ..., xm−2, zj} {b, x0, ..., xm−3, zj}
Ea.b21 {a, b, x0, ..., xm−2} \ {xi} {a, b, x0, ..., xm−2, ym−2} \ {xi, xi⊕1}

and
{a, b, x0, ..., xm−2, ym−3} \ {xi, xi⊕1}

Ea111 {a, b, x0, ..., xm−2, z0} \ {x0, x1} and {a, b, x1, ..., xm−2}
{a, b, x0, ..., xm−2, z1} \ {x0, x1}

Ea121 {x0, ..., xm−2, zj, zj⊕1} \ {xi} {b, x0, ..., xm−2, zj} \ {xi}
except when i = 0 and j ∈ {0, 1} except when i = 0 and j ∈ {0, 1}

Fa1 {c, y0, ..., ym−2} {a, c, y0, ..., ym−2} \ {yi}
Fa2 {d, y0, ..., ym−2} {a, d, y0, ..., ym−2} \ {yi}
Fa3 {c, y0, ..., ym−2} and {d, y0, ..., ym−2} {a, y0, ..., ym−2}
Fa11 {a, c, y0, ..., ym−2} \ {yi} {a, b, c, y0, ..., ym−2} \ {yi, yi⊕1}
Fa21 {a, d, y0, ..., ym−2} \ {yi} {a, b, d, y0, ..., ym−2} \ {yi, yi⊕1}
Fa31 {a, y0, ..., ym−2} {a, b, y0, ..., ym−2} \ {y0} and

{a, b, y0, ..., ym−2} \ {y1}
Fa111 {a, b, c, y0, ..., ym−2} \ {yi, yi⊕1} {a, b, xi, y0, ..., ym−2} \ {yi, yi⊕1}
Fa211 {a, b, d, y0, ..., ym−2} \ {yi, yi⊕1} {a, b, xi, y0, ..., ym−2} \ {yi, yi⊕1}
Fa311 {a, b, y0, ..., ym−2} \ {y0} {a, b, x0, y0, ..., ym−2} \ {y0, y1}
Fa312 {a, b, y0, ..., ym−2} \ {y1} {a, b, x1, y0, ..., ym−2} \ {y1, y1⊕1}
where i ∈ {0, 1, ...,m− 2} and j ∈ {0, 1, ..., n−m− 2}.
Table 4 : The sets Ea1, Ea2, Ea3, Eb1, Eb2, Ea11, Ea12, Ea.b21, Ea31, Ea111, Ea121,

Fa1, Fa2, Fa3, Fa11, Fa21, Fa31, Fa111, Fa211, Fa311 and Fa312

The neighbors of e1 in L(G) are the vertices in Ea1∪Ea2∪Ea3∪Eb1∪Eb2
and the neighbors of e2 in L(G) are the vertices in Fa1 ∪ Fa2 ∪ Fa3 ∪ F ā. To
get disjoint paths between all neighbors of e1 and all neighbors of e2 in L(G), we
will display a set of disjoint paths and extend them, if necessary, via a certain
matching to get the required paths.

By construction, there is a matching in L(G) that matches the vertices in
Ea1, Ea2 ∪ Eb2, Ea3, Fa1, Fa2 and Fa3 to the vertices in Ea11 ∪ Ea12, Ea.b21,
Ea31, Fa11, Fa21 and Fa31, respectively, and there is another matching in L(G)
that matches the vertices in Ea11, Ea12,, Fa11, Fa21 and Fa31 to the vertices in
Ea111, Ea121, Fa111, Fa211 and Fa311∪Fa312, respectively. Let Fab = Fa111∪
Fa211∪ Fa311∪ Fa312, Eab = Ea111∪Ea.b21 and Eā = Ea121∪Ea31∪Eb1.

We now display disjoint paths from all vertices in Eab ∪Eā to all vertices
in Fab∪F ā. Note that the vertices in Eab and Fab are in L(Aab) and the vertices
in Eā and F ā are in L(Aā).

Sincem ≥ 3 and n = 2m+2, we have |Eab| = |Fab| = 2+(m−1)+(m−1) =
2m < 2m + 2 = 2(m + 2) − 2 ≤ 2(m − 2)(m + 2) − 2 = 2(m − 2)(n −m) − 2 =
κ(L(Aab)), by Theorem 2.5 there exist 2m disjoint paths in L(Aab) from all ver-
tices in Eab to all vertices in Fab. Let Pab be the set of these disjoint paths.

Since |Eā| = |F ā| = 2k(n− k − 1)− 2 = κ(L(Aā)), by Theorem 2.5 there
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exist 2k(n−k−1)−2 disjoint paths in L(Aā) from all vertices in Eā to all vertices
in F ā. Let P ā be the set of these disjoint paths.

Therefore, the paths in Pab∪P ā are paths from all vertices in Eab∪Eā to all
vertices in Fab∪F ā. Among these paths, only the vertices in Eab∪Ea121∪Ea31
are the end of the paths that do not begin at neighbors of e1, and only the vertices
in Fab are the end of the paths that do not end at neighbors of e2. Extend the
paths via the above matchings to get walks from neighbors of e1 to neighbors of
e2. The paths in Pab ∪ P ā with the extension are the walks from all neighbors of
e1 to all neighbors of e2 in L(G).

Finally we show that the above walks are disjoint paths. By construction
the vertices extended via the matching (the vertices in Ea12, Ea3, Eb2, Fa1,
Fa2, Fa3, Ea1, Ea11, Ea2, Fa11, Fa21 and Fa31) are all distinct and they are
in neither L(Aab) nor L(Aā), but the disjoint paths in Pab and P ā are in dis-
joint induced subgraphs L(Aab) and L(Aā), respectively. Therefore the specified
walks from all neighbors of e1 to all neighbors of e2 in L(G) are disjoint paths as
required.

Case 3.2.2 : {a, b} ∩ {y0, ..., ym−2} �= φ or {c, d} ∩ {x0..., xm−2} �= φ.
In this case, we have n = 2m + 1 or n = 2m. Without loss of generality,

let c = xm−2 and b /∈ {y0, ..., ym−2}. Then b ∈ {w0, ..., wn−m−2} and e1 is in L(Ac).
Therefore there exists 2(m− 1)(n−m)− 2 vertices which are the neighbors of e1
in L(Ac). Let Ec be the set of these vertices.

Fix q ∈ S \ {b, c, d, y0, ..., ym−2}. In the table below we define some subsets
Ec̄1, Ec̄2, Ec̄3, Ec̄11, Ec̄21, Ec̄31, Ec̄111, Fd1, Fd2, Fd3, F c1, F c2, Fd11, Fd12,
F c.d21, F c.d22, Fd121 and Fc.d211 of V (L(G)) by specifying their members:

Set vertices in L(G) induced by the edges in G that join
the vertices to the vertices

Ec̄1 {a, x0, ..., xm−2} {a, x0, ..., xm−3, zj}
Ec̄2 {b, x0, ..., xm−2} {b, x0, ..., xm−3, zj}
Ec̄3 {a, x0, ..., xm−2} and {b, x0, ..., xm−2} {a, b, x0, ..., xm−3}
Ec̄11 {a, x0, ..., xm−3, zj} {a, b, x0, ..., xm−3, zj} \ {x0}
Ec̄21 {b, x0, ..., xm−3, zj} {a, b, x0, ..., xm−3, zj} \ {x0}
Ec̄31 {a, b, x0, ..., xm−3} {b, x0, ..., xm−3, z0} and

{b, x0, ..., xm−3, z1}
Ec̄111 {a, b, x0, ..., xm−3, zj} \ {x0} {a, b, x0, ..., xm−3}
Fc1 {c, y0, ..., ym−2} {c, y0, ..., ym−2, wj} \ {yi} and

{c, d, y0, ..., ym−2} \ {yi}
Fc2 {c, y0, ..., ym−2} {y0, ..., ym−2, wj}
Fd1 {d, y0, ..., ym−2} {d, y0, ..., ym−2, wj} \ {yi}
Fd2 {d, y0, ..., ym−2} {y0, ..., ym−2, wj}
Fd3 {d, y0, ..., ym−2} {c, d, y0, ..., ym−2} \ {yi}
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Set vertices in L(G) induced by the edges in G that join
the vertices to the vertices

Fc.d21 {y0, ..., ym−2, wj};wj �= b {b, y0, ..., ym−2, wj} \ {y0} and
{b, y0, ..., ym−2, wj} \ {y1};wj �= b

Fc.d22 {b, y0, ..., ym−2} {d, b, y0, ..., ym−2} \ {y0} and
{d, b, y0, ..., ym−2} \ {y1}

Fd11 {d, b, y0, ..., ym−2} \ {y0} and {b, y0, ..., ym−2, q} \ {y0} and
{d, b, y0, ..., ym−2} \ {y1} {b, y0, ..., ym−2, q} \ {y1}

Fd12 {d, y0, ..., ym−2, wj} \ {yi} {c, d, y0, ..., ym−2} \ {yi}
except when wj = b and i ∈ {0, 1}

Fd31 {c, d, y0, ..., ym−2} \ {yi} {b, c, d, y0, ..., ym−2} \ {yi, yi⊕1}
Fc.d211 {b, y0, ..., ym−2, wj} \ {y0} and {b, y0, ..., ym−2}

{b, y0, ..., ym−2, wj} \ {y1};wj �= b
Fd121 {c, d, y0, ..., ym−2} \ {yi} {c, y0, ..., ym−2, wj} \ {yi}

except when wj = b and i ∈ {0, 1}
where i ∈ {0, 1, ...,m− 2} and j ∈ {0, 1, ..., n−m− 2}.
Table 5 : The sets Ec̄1, Ec̄2, Ec̄3, Ec̄11, Ec̄21, Ec̄31, Ec̄111, Fd1, Fd2, Fd3, F c1, F c2,

Fd11, Fd12, F c.d21, F c.d22, Fd121 and Fc.d211

The neighbors of e1 in L(G) are the vertices in Ec ∪Ec̄1 ∪Ec̄2 ∪Ec̄3 and
the neighbors of e2 in L(G) are the vertices in Fd1 ∪ Fd2 ∪ Fd3 ∪ Fc1 ∪ Fc2.
To get disjoint paths between all neighbors of e1 and all neighbors of e2 in L(G),
we will display a set of disjoint paths and extend them, if necessary, via a certain
matching to get the required paths.

By construction, there is a matching in L(G) that matches the vertices in
Ec̄1, Ec̄2, Ec̄3, Fd1, Fd2∪Fc2 and Fd3 to the vertices in Ec̄11, Ec̄21, Ec̄31, Fd11∪
Fd12, F c.d21 ∪ Fc.d22 and Fd31, respectively, and there is another matching
in L(G) that matches the vertices in Ec̄11, Fd12 and Fc.d21 to the vertices in
Ec̄111, Fd121 and Fc.d211, respectively. Let Ebc̄ = Ec̄111∪Ec̄21∪Ec̄31, Fbc̄ =
Fd11 ∪ Fc.d22 ∪ Fc.d211 and Fc = Fc1 ∪ Fd31 ∪ Fd121.

We now display disjoint paths from all vertices in Ebc̄ ∪ Ec to all vertices
in Fbc̄ ∪ Fc. Note that, the vertices in Ec and Fc are in L(Ac) and the vertices
in Ebc̄ and Fbc̄ are in L(Abc̄).

Since m ≥ 3 and n ≥ 2m, we have |Ebc̄| = |Fbc̄| = 2(n−m) ≤ 2(n−m)+
2(n−m)− 2m ≤ 2(m− 1)(n−m)− 2(m− 1)− 2 = 2(m− 1)(n−m− 1)− 2 =
κ(L(Abc̄)), by Theorem 2.5, there exist 2(n−m) disjoint paths in L(Abc̄) from all
vertices in Ebc̄ to all vertices in Fbc̄. Let Pbc̄ be the set of these disjoint paths.

Since |Ec| = |Fc| = 2(m − 1)(n − m) − 2 = κ(L(Ac)), by Theorem 2.5,
there exist 2(m− 1)(n−m)− 2 disjoint paths in L(Ac) from all vertices in Ec to
all vertices in Fc. Let Pc be the set of these disjoint paths.

Therefore, the paths in Pbc̄ ∪ Pc are paths from all vertices in Ebc̄ ∪ Ec
to all vertices in Fbc̄ ∪ Fc. Among these paths, only the vertices in Ebc̄ are the
end of the paths that do not begin at neighbors of e1, and only the vertices in
Fbc̄ ∪ Fd31 ∪ Fd121 are the end of the paths that do not end at neighbors of e2.
Extend these paths via the above matchings to get walks from neighbors of e1 to
neighbors of e2. The paths in Pbc̄ ∪ Pc with the extension are the walks from all
neighbors of e1 to all neighbors of e2 in L(G).

Finally we show that the above walks are disjoint paths. By construction
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the vertices extended via the matching (the vertices in Ec̄1, Ec̄2, Ec̄3, Ec̄11, Fc2,
Fd1, Fd2, Fd3, Fc.d21 and Fd12) are all distinct and they are in neither L(Abc̄)
nor L(Ac) but the disjoint paths in Pbc̄ and Pc are in disjoint induced subgraphs
L(Abc̄) and L(Ac) respectively. Therefore the specified walks from all neighbors
of e1 to all neighbors of e2 in L(G) are disjoint paths as required.

By Proposition 3.4, Lemma 4.1 and Lemma 4.2, we obtain the connectivity
of the line graphs of Johnson graphs.

Theorem 4.3. For a Johnson graph G with degree k, we have κ(L(G)) = 2k− 2.

The last theorem is the characterization of the graphs whose line graphs
are Johnson graphs.

Theorem 4.4. Let G be a graph where L(G) is a Johnson graph different from
K3. Then L(G) is J(n, 1) or J(n, 2) for some positive integer n. Moreover, G is
K1,n if L(G) ∼= J(n, 1) and G is Kn if L(G) ∼= J(n, 2).

Proof. Let L(G) be J(n,m) for some positive integers n and m where J(n,m) �=
J(3, 1). Let S = {1, 2, 3, ..., n} be the alphabet set of this Johnson graph.
Case 1 : m ≥ 3. Then n ≥ 6. For any distinct elements x1, ..., xm−3 in S \
{1, 2, ..., 6}, observe that {1, 2, 3, x1, ..., xm−3}, {1, 2, 4, x1, ..., xm−3}, {1, 3, 5, x1, ...,
xm−3} and {2, 3, 6, x1, ..., xm−3} induce a subgraph K1,3 in L(G). This contradicts
Theorem 2.9. Hence, this case does not occur.
Case 2 : m = 1. Then L(G) is a complete graph. Hence, G is K1,n by Theorem
2.8.
Case 3 : m = 2. Then L(G) is J(n, 2). Let J = L(G), and for each x ∈ S, let
Ax be the set of all 2-subsets of S which contain x. Then the induced subgraph
J [Ax] is a clique of J for all x ∈ S.

Figure 24 : Induced subgraph J [A1] in L(G)

Observe that a vertex {a, b} of J is in J [Aa] and J [Ab], and an edge of J
joining vertices {u, v} and {u, w} is in J [Au].
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Figure 25 : The vertex {1, 2} is in J [A1] and J [A2] and the edge from {1, 2} to
{1, 3} is in J [A1] in L(G)

Hence {J [Ax]|x ∈ S} is the Krauz partition of J . By Theorem 2.10, each
J [Ax] is induced by the star at a vertex in G, and |V (G)| = |S| = n. For each
x ∈ S, let ux be the vertex in G whose star induces J [Ax].

L(G) G

Figure 26 : The star of u1 in G induces J [A1] in L(G)

Then for a vertex {x, y} in J , the end vertices of the edge {x, y} in G are
ux and uy.

L(G) G

Figure 27 : The vertex {1, 2} in L(G) is in J [A1] and J [A2]. Therefore the edge
{1, 2} in G is in the stars of u1 and u2. Thus, u1 and u2 are the end
vertices of the edge {1, 2} in G.

For each x ∈ S, since Ax = {{x, y}|y ∈ S and y �= x} and J [Ax] is induced
by the star at ux in G, it follows that ux is adjacent to uy for all y ∈ S such that
y �= x. That is each vertex of G is adjacent to all other vertices. Hence, G is Kn

as required.
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